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LIST OF ACRONYMS/ABBREVIATIONS 
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ECEF Earth-Centered, Earth-Fixed 
ENU East, North, Up 
FAA Federal Aviation Administration 
GCP Guidance Control Point 
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System 
GLS GPS Landing System 
GNSS Global Navigation Satellite System 
GPS · The United States' Global Positioning System 
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NSE Navigation Sensor Error 
PVT Position, Velocity, and Time 
RTCA Radio Technical Commission for Aeronautics 
TCXO Temperature Controlled Crystal Oscillator 
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1. INTRODUCTION 
1.1 Brief Overview 
This research arose from the introduction of the Global Position System (GPS) 
Landing System1 (GLS) and the desire to make this system resemble the current Instrument 
Landing System (ILS). Accomplishing this goal would allow the GLS to be utilized as a 
more precise replacement for the ILS. 
In overview, the Instrument Landing System (ILS) produces a three-degree glidepath 
that the glideslope antenna (the Guidance Control Point (GCP)) and the localizer antenna 
onboard the aircraft track to guide the aircraft down the centerline of the runway for a 
landing. The ILS provides vertical and horizontal deviations from the glidepath to the pilots, 
autopilots, and flight control computers so the appropriate adjustments to the aircraft's 
attitude can be made to maintain zero deviations. The Global Position System (GPS) 
Landing System (GLS) calculates a similar three-degree glidepath that the Navigation 
Reference Point (NRP), the position of the GPS antenna(s), will follow similar.to that of the 
ILS. The current flight control systems have corrections to the landing gear based on the 
deviations produced by the ILS. Therefore, the deviations produced by the GPS Landing 
System (GLS) must reflect the same location as that of the Instrument Landing System (ILS), 
or at minimum, have the three-degree glidepath passing through the Guidance Control Point 
(GCP) and the Navigation Reference Point (NRP) simultaneously. 
1 The first major innovation in aircraft landirlg guidance technology since the implementation of the Instrument 
Landirlg System technology that has been irl use worldwide since the 1940s. The first ever FAA certified GLS 
landing occurred on September 21, 1998, at the Minneapolis-St. Paul International Airport. 
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Refer to Figure 1 for a basic representation of the location of the Guidance Control 
Point (GCP) and the Navigation Reference Point (NRP) which illustrates the glidepath 
passing through the NRP when no lever-arm correction is applied. This figure also shows 
that when no lever-arm correction is applied, error between the GCP and the glidepath is 
introduced. Therefore, a form of lever-arm correction may need to be performed to reduce 
this error. Figure 2 shows that with a lever-arm correction, · it is possible to have the 
glidepath passing simultaneously through the GCP and the transposed NRP. This lever-arm 
correction results in the GPS Landing System (GLS) resembling the Instrument Landing 
System (ILS), and the total error is reduced. 
Vertical Error 
Figure 1: Location of the NRP and the GCP with no lever-arm correction 
NRP 
I 
I 
- ______ J, 
GCP, Lever-arm 
Transposed NRP 
Figure 2: Location ofNRP, GCP, and transposedNRP with lever-arm correction 
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The locations of the Guidance Control Point (GCP) and the Navigation Reference 
Point (NRP) vary with different aircraft configurations, which will increase or decrease the . 
amount of error produced by the lever-arm correction. Figure 1 and Figure 2 illustrate that 
the location of the NRP can greatly affect the amount of error that is generated. This error 
could result in an extremely rough landing, damage to the aircraft or injuries to persons 
onboard, or even cause the aircraft to land short or long of the runway. Therefore, lever-arm 
correction is important for reducing this error. 
1.2 Statement of Work 
The primary objective of this research was to perform sensitivity and error analysis 
on lever-arm corrections, for translating the Navigation Reference Point (NRP) to the 
Guidance Control Point (GCP) on airborne Grs Landing System (GLS) applications. 
In order to achieve this obje~tive,: the location of the Navigation Reference Point 
(NRP) shall be translated to the Guidance Control Point (GCP). This translation requires 
taking the lever-arm offsets between the NRP and the GCP in one coordinate system and 
translating it to another coordinate system by taking into consideration the attitude and GPS 
position of the aircraft. The sensitivity of the lever-arm transformation shall be analyzed to 
perturbations in the attitude, as well as inaccuracies of the GPS position. Several techniques 
to apply lever-arm corrections shall also be analyzed. These techniques include cases such as 
vertical only lever-arm offsets and 3-dimensional lever-arm offsets. An error analysis shall 
be performed on these techniques to determine the error between the Guidance Control Point 
(GCP) and the glidepath, as the glidepath passes through the translated Navigation Reference 
Point (NRP). The horizontal and vertical errors from the GCP to the glidepath produced by 
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the lever-arm transformation affect the overall system accuracy of the GPS Landing System 
(GLS), and must be analyzed. 
1.3 Research Overview 
The purpose of this research was to provide complete analysis of the effects of the 
lever-arm transformations from the Navigation Reference Point (NRP) to the Guidance 
Control Point (GCP) for the GPS Landing System (GLS). This research involved developing 
the necessary conversions needed for the transformations, and performing sensitivity analysis 
to ensure that the results satisfy the Federal Aviation Administration (FAA) guidelines for 
different category of landing approaches. 
· 1.4 Author's Contributions 
In order for the GPS Landing-System. (OLS) to: satisfy the FAA's requirements for 
different landing approaches, accommodations are necessary to translate the Navigation 
Reference Point (NRP) to the Guidance Control Point (GCP) location. The author's 
contribution to this research area includes: 1) applying direction cosine matrices allowing 
the transformation of the lever-arm offsets in one reference frame to another reference frame 
to reflect corrections of the attitude and GPS position of the aircraft, 2) performing sensitivity 
analysis · on the effects of perturbations on the attitude motion of the aircraft, as well as 
inaccuracies of the GPS position on the lever-arm transformation, and 3) performing error 
analysis on several methods to apply lever-arm corrections, to quantify the impact on system 
accuracy. 
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1.5 Thesis Organization 
This thesis reports on the analysis of lever-arm corrections as applied to airborne GPS 
Landing System applications. The following provides a brief overview of the contents of 
each chapter. 
Chapter 2, LITERATURE REVIEW: 
Provides a literature review of the resources used for the Global Positioning System, 
Instrument Landing System, and the Global Positioning System Landing System, as 
well as resources used for the lever-arm correction transformations. 
Chapter 3, BACKGROUND INFORMATION: 
Provides general background information on: the Instrument Landing System, Global 
Positioning System, as well as augmentation systems to improve the accuracy of the · 
current GPS, known as differential GPS.(DGPS). 
Chapter 4, THE GLOBAL POSITIONING SYSTEM LANDING SYSTEM: 
Describes the GPS Landing System and compares it to the Instrument Landing 
System. 
Chapter 5, THE LEVER-ARM CORRECTION: 
Explains the approach taken to generate the lever-arm correction for the GPS Landing 
System. It describes how the actual lever-arm offsets are determined, and how the 
transformation of these offsets from one reference frame to another reflect the 
corrections of the attitude and the DGPS position of the aircraft. 
Chapter 6, SENSITNITY ANALYSIS - PERTURBATIO:t:,T THEORY: 
Describes how small perturbations in the attitude and the inaccuracies of the DGPS 
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position can affect the lever-arm corrections. 
Chapter 7, ERROR ANALYSIS: 
Performs an error analysis on several different ways to apply lever-arm corrections. 
This discusses the approach taken to determine the horizontal and vertical err,ors from 
the glidepath. 
Chapter 8, SIMULATION RESULTS: 
Provides horizontal and vertical errors from a simulated approach using a GPS 
simulator. 
Chapter 9, CONCLUSION: 
Provides a summary of the lever-arm correction, analysis approach, and results. 
7 
2. LITERATURE REVIEW 
Since the Global_ Positioning System (G;PS) Landing System (GLS) is a relatively 
new advancement in the field of precision landing systems, there is a limited availability of 
resources. A majority of the technical information for the GLS was gathered through 
personal communication with subject matter experts in the fields of the Global Positioning 
System (GPS), the Instrument Landing System (ILS), and the GPS Landing System (GLS) 
[3],[5],[7],[8],[9],[19]. The personal communications offered insight to these systems and 
the systems relationships to one another. Their information was jmportant in the overall 
understanding and interaction of the lever-arm correction with all systems. 
In addition to personal communications, several other technical resources provided 
I 
specifications and standards [1],[15],[16],[17], and background information 
[12],[13],[14],[15],[17] for the previously mentioned systems. The sources providing the • 
specifications and standards are the industry standards and provide tremendous insight into 
the systems and their functionality. 
The lever-arm transformation of the Navigation Reference Point (NRP) to the 
Guidance Control Point (GCP) for the GLS is performed based on three-dimensional 
coordinate system rotation techniques. The simplest way to accomplish these rotations is to 
define a matrix of.direction cosines that relates unit vectors in one axis system to those in 
another. The coordinate systems used in this research are discussed in further detail [2], 
which aid in the understanding of the coordinate system translations. Other sources provided 
in-depth discussions of the direction cosine matrices used for these translations [6],[10]. 
Understanding and performing these rotations are important in analyzing the total error of the 
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Navigation Reference Point to Guidance Control Point transformation. One source explained 
· perturbation error analysis [6], and proved to be very beneficial in the sensitivity analysis of 
the lever-arm transformation. 
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3. BACKGROUND INFORMATION 
3.1 Instrument Landing System 
The Instrument Landing System (ILS) places an aircraft on a runway approach at the 
proper altitude and course for the landing. The ILS consists of airborne and ground-based 
equipment that supplies lateral, along-course, and vertical guidance. 
An ILS facility provides guidance to an aircraft by sending signals that direct the pilot 
to a three-degree (nominal) approach angle centered along the runway. The approach is 
separated into two components: 1) a horizontal, localizer antenna, and 2) a vertical, 
glideslope antenna. Deviation from the localizer course and the glideslope2 would be 
displayed on an indicator. The pilot is guided down the glidepath3 provided that zero 
deviations from the glidepath are maintained. Marker beacons are installed along the 
glidepath as both reference points for locating the aircraft along the glidepath, and as 
reference markers for other aircraft flying at higher altitudes. Figure 3 is a representation of 
how the glidepath for an approach is produced from the glideslope and the localizer beams. 
· -The Instrument Landing System (ILS) is maintained to within stringent, 
internationally standardized accuracy specifications. Several operational performance 
categories for visibility requirements are specified for precision approach and landings, 
which are defined in Table 1. 
2 The vertical guidance portion of the ILS. This will be used repeatedly throughout this document. 
3 The approach path used by an aircraft during an instrument landing or the portion of the glideslope that 
intersects the localizer. This will be used repeatedly throughout this document. 
Figure 3: Instrument Landing System approach definitions 
Table 1: Precision landing categorizations 
Landing Category Definition 
Category I A precision instrument approach and landing with a 60 meter (200 
feet) decision height* and with runway visual range not less than 
800 meters (2600 feet). 
Category II A precision instrument approach and landing with a 30 meter (100 
ft) decision height* and with visual range not less than 350 meters 
(1200 feet). 
Category Illa A precision instrument approach and landing with no decision 
height* and with runway visual range not less than 200 meters 
(700 feet). 
Category Illb A precision instrument approach and landing with no decision 
height* and with runway visual range not less than 50 meters (150 
feet). 
Category Ilic A precision instrument approach and landing with no decision 
height* and with no runway visual range. 
* Decision Height: A specified height in the precision approach at which a missed approach 
must be initiated if the required visual reference to continue the approach has not been 
established. 
3 .1.1 Airborne Equipment 
The airborne portion of the Instrument Landing System (ILS) typically consists of the 
following: receiver with localizer, glideslope, and marker beacon functions; three antennas; 
flight control system; indicator displaying localizer and glideslope deviation. The ILS needs 
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three antennas to receive three types of signals: localizer (108 - 112 MHz), glideslope (329 -
335 MHz), and marker beacons (75 MHz). The ILS sensor provides an approach path for 
exact alignment and descent of an aircraft on final approach to the runway. The sensor 
receives glideslope and localizer signals from its antennas, decodes the signals, calculates the 
deviations, and outputs the data to the automatic flight control system. This information is 
used for display on flight instruments and other aircraft systems. The localizer provides 
course guidance to the runway centerline throughout the descent path to the runway 
threshold. The glideslope receiver provides descent information for navigation down to the 
lowest authorized decision height specified in the approved ILS approach procedure for the 
runway. 
3.1.2 Instrument Landing System Ground Facility 
The Instrument Landing System (ILS) ground facility consists of guidance, range, 
and visual information. The ground-based facility consists of a localizer transmitter and 
antenna, a glideslope transmitter, and a set of marker beacon transmitters and antennas. The 
localizer transmitter and antenna, located at the departure end of the runway, provides lateral 
guidance. The glideslope transmitter and antenna, located at one side of the approach end of 
the runway, provides vertical guidance. Three marker beacon transmitters and antennas may 
be located along the approach course as spot checks to provide verification that the aircraft is 
at the proper altitude and course. 
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3.2 Global Navigation Satellite System 
The Global Navigation Satellite System (GNSS) provides navigational references by 
using space-based satellites. The main components of the GNSS are the United States 
Global Positioning System (GPS) and the Commonwealth of Independent States' Global 
Navigation Satellite System (GLONASS) [12]. This only discusses the United States Global 
Positioning System (GPS), which is a space-based navigation system that continuously 
provides highly accurate information regarding position, velocity, and time (PVT). The 
system is not affected by weather and can be used globally. The GPS constellation (Figure 
4) is comprised of 24 satellites orbiting the earth in six equally spaced planes. Each orbital 
plane contains four satellites at an altitude of approximately 10,900 nautical miles above the 
earth, each with an inclination of 55 degrees. Each satellite broadcasts a direct-sequence 
spread spectrum signal that contains digital data used to measure line-of-sight range and to 
compute position and time at the receiver. The broadcast of these signals is tightly 
synchronized with the corresponding signals of the other satellites in the GPS constellation. 
This constellation ensures that at least five or more satellites will be visible to the GNSS 
sensor at any given time. 
3.3 Basic Concept Behind GPS 
The GPS Position, Velocity, Time (PVT) solution is determined by trilateration, a 
concept of satellite ranging, that measures the distance from the location of the receiver to the 
locations of the visible satellites, acting as exact reference points. The line-of-sight distance 
to the satellite is derived by calculating the time elapsed for data to travel from each satellite 
to the receiver. 
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Figure 4: Global Positioning System nominal constellation 
The GPS satellite generates a unique pseudo-random code, synchronized to Universal 
Coordinated Time (UTC). 4 The receiver also generates the same pseudo-random code, 
synchronized to the receiver' s clock. By matching the satellite-generated code against the 
receiver-generated code, the receiver can calculate the elapsed time between occurrences of 
identical positions in the code. This measurement is extremely important because a 
nanosecond time error translates into approximately 0.3 meters ofrange error. 
This process ultimately requires that the offset between the receiver and the satellite 
clocks be known. While the satellites synchronism is maintained through the use of 
redundant atomic time standards on each space vehicle, it is highly desirable to use low-cost 
Temperature Controlled Crystal Oscillator (TCXO) reference standards in the receiving 
equipment. The offset of the TCXO reference from the GPS time standard is known as 
"clock bias." Therefore, the measured range is the sum of the true range and the range offset 
4 UTC is a 24-hour reference time scale maintained by the National Bureau of Standards. 
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due to the clock bias. Since the measured range is not an exact range, it is known as "pseudo 
range." 
In order to determine the clock bias and the actual position of the receiver, the range 
to a fourth satellite is measured. The pseudo range from the fourth satellite allows the 
receiver to make an appropriate adjustment to the clock bias to all the pseudo ranges from all 
four satellites to pinpoint the location of the receiver. The signal transmitted from the 
satellite also contains ephemeris information about the satellites exact orbital location. The 
sensor uses the ephemeris information to establish the precise position of the satellite. 
Therefore, using ranging information from the three satellites, timing corrections from a 
fourth satellite, and satellite position information contained in the ephemeris data, the 
receiver can calculate an unaided, unique, and true three-dimensional position, velocity, and 
time for the receiver. Additional satellites allow the receiver to autonomously compute 
position integrity as well as detect and exclude satellite-ranging failures. 
The accuracy of the GPS is reduced by several contributing factors including: 
selective availability, satellite clock error, ephemeris error, receiver error, atmospheric 
propagation error, and multipath errors. The largest source of error is selective availability, 
which is an intentional degradation of the GPS signals by the United States Department of 
Defense. The potential accuracy of the GPS of around 25 meters is reduced to 100 meters 
when selective availability is engaged. 
3.4 Differential Global Positioning System 
The raw GPS PVT solution does not currently satisfy the accuracy requirements for 
precision approach and landing, but does satisfy the requirements for navigation within en 
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route through non-precision approach airspace. To meet the increased requirements for 
precision approach and landing, a form of augmentation, such as ground-based reference 
stations, should be used to increase the accuracy and integrity of the GPS signals. This form 
of augmentation is called Differential GPS (DGPS). Two types of augmentation are used for 
civilian aeronautical applications. Wide Area Augmentation System (WAAS) can be used 
for en route navigation, and Local Area Augmentation System (LAAS), which is more 
accurate than WAAS, can be used for precision approach navigation. 
These augmentation systems use highly accurate, geodetically surveyed locations for 
reference points. The positions of these locations are generally known to within several 
centimeters. The reference station receives GPS signals and then compares this information 
to expected data. These differences are then used to compute corrections to the GPS 
parameters, error sources, and/or resultant position. These corrections are then transmitted 
by the augmentation source and received by the receiver to apply to the navigation solution. 
DGPS corrects for many of the error sources mentioned above, especially selective 
availability. Figure 5 shows the difference in the altitude measurements between GPS and 
DGPS in Cedar Rapids, Iowa, at North latitude 42° 1.824', West longitude 91 ° 38.435', and 
an altitude of approximately 235 meters. This plot shows the improvement and the 
importance of the DGPS over the traditional GPS. 
3.4.1 Wide Area Augmentation System 
The Wide Area Augmentation System (WAAS) is a network of ground-based 
reference stations that are designed to improve the GPS signals availability to satisfy the 
required navigation performance limits for all phases of flight, including Category I precision 
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Altitude Data for GPS and DGPS 
500 1000 1500 2000 2500 3000 3500 
Time (Seconds) 
Figure 5: GPS and DGPS altitude comparison 
approaches, within the National Airspace System. The positions of the ground-based 
reference stations are exactly known, allowing the station to correct any measurement error 
for all visible satellites in the area. These corrections are then transmitted to a master station, 
which processes the data from all the reference stations. The master station then forwards 
this data to a geosynchronous communication transponder. This transponder then transmits 
the corrections on the same frequency as that of the GPS satellites. The receiver can then 
apply these corrections to the PVT solution. 
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3.4.2 Local Area Augmentation System 
The Local Area Augmentation System (LAAS) is used for locations where WAAS is 
unable to meet navigation and landing requirements. LAAS will operate independently of 
WAAS, while being fully compatible and complementary to it. The purpose of LAAS is to · 
improve the accuracy and integrity of the basic GPS signal to. support more stringent 
applications, including Category II/III approaches (from Table 1) and surface operations. 
LAAS contains one or more reference stations placed in a known surveyed location in the 
close vicinity of an airport. Similar to WAAS, LAAS reference stations receive GPS signals 
from all satellites in view. This data is compared to the fixed location of the reference 
stations and a correction is made for any errors in the GPS signals. These corrections are 
then transmitted to the aircraft via a Very High Frequency (VHF) transmitter, and received 
. . 
by the localizer antenna or VHF receiver and supplied to the GPS Landing System (GLS). 
The Global Navigation Satellite System (GNSS) · ·sensor then applies the received error 
corrections to the PVT solution for more accurate results. The ·differentially corrected 
position is compared with known or . selected runway pathpoint data, to provide deviation 
signals to aircraft navigational systems supporting Category I/II/III precision approaches. 
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4. THE GLOBAL POSITIONING SYSTEM LANDING SYSTEM 
The Global Positioning System (GPS) Landing System (GLS) is a Differential GPS-
based landing system providing both vertical and lateral position fixing capability. The GLS 
module computes precise position data by receiving Differential GPS (DGPS) corrections 
and reference flight path approach data from a ground station via a data link receiver. The 
GLS function then provides the necessary outputs to fly a precision approach to the path 
defined by the approach definition data. The precise position and navigation data should be 
converted from the Navigation Reference Point (NRP) to the Guidance Control Point (GCP) 
so the GLS function can compute the deviation between the GCP and the desired glidepath. 
The DGPS used in the GLS requires.antenna offset information to support translation of the 
DGPS position solution from the NRP (the GPS antenna) to the GCP on the aircraft. 
The translation of the DGPS position solution from the GPS antenna to the desired 
GCP is accomplished using the lever-arm offset data (from the Airplane Personality Data), 
· and may require the pitch, roll, and yaw outputs of the Inertial Reference System (IRS). The 
GCP will normally be the Instrument Landing System (ILS) glideslope antenna, which 
provides the vertical guidance as described in section 3.1. The localizer antenna may be used 
to receive corrections and/or pathpoint data, but is not used for horizontal correction as in the 
ILS, because the DGPS provides adequate horizontal accuracy. The ILS glideslope antenna 
is used as the Guidance Control Point (GCP) because the automatic flight controls and 
instrument systems have lever-arm corrections to the landing gear based on the deviations 
produced from the ILS. The GLS function provides: ILS look-alike data when the GNSS 
sensor is in differential mode. The GNSS sensor will compute ILS look-alike deviations 
19 
based on the approach path definition data and the aircraft position computed by the GNSS 
sensor. In GLS, angular and/or rectilinear deviation signals from the desired glidepath will 
be output, which are essentially equivalent to those that would be provided by an ILS 
receiver at the same location in space [ 1]. 
4.1 Advantages of the Global Positioning System Landing System 
The GPS Landing System (GLS) offers flexibility for aircraft approach navigation 
without the need for additional ground-based navigation aids. This presents an opportunity 
for the decommissioning and removal of most conventional navigation aids and avionics at a• 
significant cost saving to the taxpayers and aircraft operators. A single GLS and LAAS 
installation may be able to support all th~ runways at an airport for both takeoffs and 
landings. The GLS is designed to alleviate airport congestion and weather-related delays at 
airports around the world. The airborne and ground-based technology helps pilots land the 
aircraft safely by utilizing GPS technology to produce precise navigation data. A single GLS 
installation costs far less than comparable ILS. Aircraft equipped with the GLS will be able 
to vary their runway approaches from the long, straight and low descents required by the 
current generation of landing systems to steep, parallel, curved and segmented approaches. 
The GLS alsq provides precision navigation for departures and missed approaches. With 
more precise navigation, flight times can be reduced and airline operations can become more 
fuel-efficient. The GLS will allow tailoring of approach parameters for different aircraft 
types, enabling, for example, steeper approaches for helicopters. 
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5. THE LEVER-ARM CORRECTION 
The GPS Landing System (GLS) solution is referenced to the Navigation Reference 
Point (NRP)(the location of the receiving GPS antenna(s)), and may need to be transferred to 
the aircraft's Guidance Control Point (GCP) for use by the flight control system. Refer to 
Figure 1 and Figure 2 again for a basic representation of the location of the NRP and the 
GCP. 
The GCP 'is typically the location of the glideslope antenna. The transformation of 
the NRP to the GCP is accomplished by translating lever-arm offsets, given in aircraft body-
fixed coordinates, to the GPS Earth-Center, Earth-Fixed (ECEF) coordinate system. This is 
then added to the DGPS position as represented in Equation 1, where ps is the lever-arm 
aircraft body-fixed coordinate offsets, ct is the direction cosine matrix from body-fixed 
coordinates to local-level coordinates, and Cf is the direction cosine matrix from local-level 
coordinates to ECEF coordinates. rNRP represents the current DGPS position in ECEF 
coordinates and rGcP represents the new transformed DGPS position in ECEF coordinates. 
- - CECL B 
rGcP = rNRP + L sP (1) 
5.1 The Coordinate Systems 
All coordinate systems will be represented in the right-handed coordinate system. A 
right-handed configuration is achieved by straightening the thumb, pointer finger, and middle 
finger of the right hand so they are perpendicular to one another. The thumb is the positive 
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x-axis, the pointer finger is the positive y-axis, and the middle finger is the positive z-axis. 
Given a three axis orthogonal coordinate system with ordered axes x, y, and z, the system 
will be right-handed if rotation about the: 
positive x-axis would cause the positive y-axis to move toward the positive z-axis 
positive y-axis would cause the positive z-axis to move toward the positive x-axis 
positive z-axis would cause the positive x-axis to move toward the positive y-axis 
5.1.1 The Body-Fixed Coordinate System 
The body-fixed coordinate system (Figure 6) is the frame of reference for most 
aircraft observations and measurements of the vehicle's ~otions. This system constitutes the 
familiar aircraft axes of attitude: roll, pitch, ,and yaw, which have its origin at the aircraft's 
center of mass [2]. As illustrated in Figure 6, R is along the nose, Pis along the right wing, 
and Y is down. 
R 
'\ R 
Center of Mass 
p 
y 
Top View Side View 
Figure 6: The aircraft body-fixed coordinate system 
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5 .1.2 The Local-Level Coordinate System 
The local-level coordinate system (Figure 7) is an orthogonal, geographic navigation 
reference system that has its axes aligned with the North, East, and Down directions. The 
origin of this system is the Navigation Reference Point (NRP), which provides the DGPS 
position of the aircraft. The Down direction, D, is defined to be the normal to the reference 
ellipsoid,5 which approximates the geoid.6 The North axis, N, is in the direction of the 
earth's angular velocity into the local horizontal plane, which is perpendicular to the down 
direction, intercepting the earth's polar axis in the northerly sense. The East direction, E, 
completes the right-handed coordinate system [2] . This system can also be aligned in the 
East, North, and Up directions. The difference lies in the direction of the component normal 
to the reference ellipsoid. 
N 
/ 
/ 
E 
Navigation 
Reference Point 
Figure 7: The local-level coordinate system 
5 The reference ellipsoids are ellipsoidal earth model, which are required for accurate range and bearing 
calculations over long distances. GPS navigation receivers use the ellipsoidal earth models to compute position 
and waypoint information. Ellipsoidal models define an ellipsoid with an equatorial radius and a polar radius. 
The best of these models can represent the shape of the earth over the smoothed, averaged sea-surface to within 
about one hundred meters. Reference ellipsoids are defined by semi-major (equatorial radius) and semi-minor 
(polar radius) axes. 
6 The geoid is the surface within or around the earth that is everywhere normal to the direction of gravity and 
coincides with mean sea level in the oceans [20]. 
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5.1.3 Earth-Centered, Earth-Fixed Coordinate System 
The Earth-Centered, Earth-Fixed (ECEF) coordinate system (Figure 8) is the X, Y, 
and Z Cartesian coordinate system that defines three-dimensional positions with respect to 
the center of the earth, the centroid of the reference ellipsoid. The Z-axis points toward the 
North Pole, the X-axis is defined by the intersection of the plane defined by the prime 
meridian7 and the equatorial plane, and the Y-axis completes a right-handed orthogonal 
system by a plane 90 degrees east of the x-axis and its intersection with the equator. 
(0,0,0) 
Figure 8: The earth-center, earth-fixed coordinate system 
7 The meridian of zero degrees longitude which runs through the original site of the Royal Observatory at 
Greenwich, England, and from which other longitudes are reckoned east and west. 
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5.1.4 Relationship Between Coordinate Systems 
The lever-arm transformation requires translation from the body-fixed coordinate 
system to the ECEF coordinate system so that the transformation may be added to the DGPS 
position, given in ECEF coordinates. The body-fixed coordinates must first be transformed 
into the local-level coordinates, and then the local-level coordinates are transformed into the 
ECEF coordinates. 
When the attitude measurements are zero, the axes of the body-fixed coordinate 
system align with the local-level coordinate system as illustrated in Figure 9. This assumes 
that the origins of the two coordinate systems are identical. This is a valid assumption for the 
lever-arm transformation and is discussed in section 5 .3 .1 . Therefore, all rotations of the 
aircraft are taken with respect to the local-level coordinate system. 
ID 
Top View Side View 
Figure 9: Body-fixed and local-level coordinate system relationship 
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The local-level coordinates are converted into ECEF coordinates by the use of the 
latitude and longitude position calculated by the DGPS receiver. The local-level and ECEF 
coordinates are aligned at the center of the reference ellipsoid, as shown in Figure 10, when 
the latitude and longitude are both zero degrees and an altitude of -6378137 meters (the 
distance of the Earth model semi-major axis). As illustrated, for proper alignment with the 
XYZ ECEF axes, the East, North, and Up notation of the local-level coordinate system is 
used, rather than the North, East, and Down configuration. This allows for easier calculation 
of the lever-arm transformation. 
z 
N 
Navigation Reference Point I :ENU frame) y 
' Center of Earth (XYZ frame) 
Figure 10: Local-level and ECEF coordinate system relationship 
Figure 11 gives a graphical representation of the latitude (~), longitude (A), and 
altitude effects of the DGPS position on the local-level coordinate system. It is important to 
note that the latitude is a geographic measurement and therefore normal to the reference 
ellipsoid and not to the center of mass of the earth. 
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N 
u 
Navigation Reference ~ 1 
Point ,, 
Center of Earth 
~,_,,---____ ..__--+------......------. 
y 
Figure 11: Latitude, longitude, and altitude effect on coordinate system relationship 
Table 2 provides a brief summary of the coordinate systems that are used in the lever-
arm transformation. Table 3 provides reference frame to coordinate system relationships. 
This table describes the coordinate system translations that are necessary for aligning the 
lever-arm offsets with respect to the Navigation Reference Point (NRP) and attitude of the 
aircraft for proper calculation of the lever-arm correction. The NRP becomes the reference 
origin for the body-fixed and local-level coordinate systems. This gives a single location for 
all lever-arm transformations to occur. Errors in determining these reference frame 
relationships will yield additional errors to the corrected GPS Landing System navigation 
solution. 
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Table 2: Summary of coordinate systems 
Coordinate System Definition Origin 
Body-Fixed Constitutes the familiar vehicle axes of roll, Center of mass* of 
pitch, and yaw. Coordinates are with respect to the aircraft 
the motion of the aircraft. 
Local-Level Local navigational frame. Coordinates are Navigation 
with respect to the North, East, and Down (Up) Reference Point of 
directions. the aircraft 
Earth-Centered, Earth-Based. Coordinates are fixed in the Center of Earth 
Earth-Fixed earth. 
* Actual center of gravity varies with configuration, fuel weight, etc. 
Table 3: Reference frame to coordinate system relationships 
Location/Function Reference Frame Origin Components Section 
NRP andGCP Body-fixed with translation of the Intersection of F,B,W 5.2 
origin. This reference frame waterline, 
describes the specific location of buttock-line, 
all products on the aircraft. and fuselage 
station of the 
aircraft. 
Lever-arm Off set Body-fixed with translation of the NRP x,y,z 5.2 
origin. Difference of NRP and 
GCP, but aligned in the direction 
of the attitude axes. 
Attitude Body-fixed with translation of the NRP R,P,Y 5.3.1 
origin. Attitude and lever-arm R,P,H 
offsets are in same coordinate 
system, therefore put them at the 
same origin for simplicity. 
Attitude Correction Local-level coordinate system. NRP N,E,D 5.3.1 
This is the conversion of body- E,N,U 
fixed coordinates to local-level 
coordinates. 
Position Correction ECEF coordinate system. This is NRP X,Y,Z 5.3.2 
the conversion of local-level 
coordinates to ECEF coordinates. 
This provides the correction 
offsets in ECEF coordinates that 
will be added to the DGPS ECEF 
position. 
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5.2 Lever-arm Offsets 
The lever-arm offsets, given in body-fixed coordinates, are determined by calculating 
the distance from the Navigation Reference Point (NRP) to the Guidance Control Point 
(GCP). The origin for determining the location of the NRP and GCP will be the intersection 
of the waterline, buttock-line, and fuselage station of the aircraft. These are used to locate 
every item on the aircraft and are measured in inches. The fuselage station measures 
longitudinal distance from the nose of aircraft to the tail, the waterline measures vertical 
distance from the landing gear to the top of the aircraft, and the buttock-line measures lateral 
distance from the centerline. Figure 12 represents the location of the NRP and the GCP with 
respect to the given reference frame, where the F-axis is the fuselage station, the B-axis is the 
buttock-line, and the W-axis is the waterline. These measurements are in the body-fixed 
reference frame. From the origin of this reference frame, the location of the NRP (F 1,B 1, W 1) 
and GCP (F2,B2,W2) are known. Subtracting the NRP location and the GCP location results 
in the lever-arm offsets needed for the GPS Landing System (GLS) system. These offsets, 
however, need to be aligned with the attitude axes to simplify future calculations of the lever-
arm transformation, which are taken with respect to the attitude axes. A comparison of 
Figure 12 and Figure 6 shows that a positive R-axis corresponds to a negative F-axis, a 
positive P-axis corresponds to a positive B-axis, and a positive Y-axis corresponds to a 
negative W-axis. The lever-arm offset, aligned with the x, y, and z axes, and centered at the 
Navigation Reference Point (NRP), as illustrated in Figure 12, is calculated as shown in 
Equation 2. 
X ... 
F 
Top View 
B 
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F 
w 
NRP 
l 
GCP 
Side View 
Figure 12: NRP, GCP, and lever-arm offset reference frames 
5.3 Calculation of the Lever-arm 
5.3.1 Attitude Correction 
(2) 
It is important to remember that the glidepath for the aircraft will be generated with 
respect to the Navigation Reference Point (NRP). This allows for a simplification of the 
error analysis, since the lever-arm offsets are in the same reference frame as the attitude 
measurements, and error analysis is being performed between the NRP and the Guidance 
Control Point (GCP). This allows the attitude measurements to be used at the NRP and the 
offsets from the center of mass of the aircraft to the NRP do not need to be considered. 
An important aspect of the attitude of an aircraft in the lever-arm transformation is 
determining which direction to apply the lever-arm. The roll and pitch will provide the 
appropriate measurements for calculating the lever-arm correction; however, the yaw can be 
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misleading. The yaw represents how many degrees the longitudinal axis (the nose) of the 
aircraft is from the track8; while the heading9 represents how many degrees the longitudinal 
axis (the nose) of the aircraft is from the North direction of the local-level coordinate system. 
This is very important in aligning the lever-arm offsets in the proper direction. Therefore, to 
properly calculate the lever-arm correction, the heading of the aircraft is required instead of 
the yaw. Refer to Figure 13 for a graphical representation of the track, heading, and yaw 
relationship. For example, an aircraft on a landing approach, with a heading of 190 degrees 
and a slight crosswind producing a yaw of five degrees, would only result in the lever-arm 
offsets being distributed between the North and East axes by five degrees if the yaw is used. 
However, the heading would completely reverse the direction of the lever-arm and align it 
with the direction of the longitudinal axis (the nose) of the aircraft. In section 7.3, yaw will 
be used to aid in the error analysis of the lever-arm correction. 
N 
E 
Heading = Track + Yaw 
Top View 
Figure 13: Heading, track, and yaw relationship 
8 The actual flight path, over the ground, traveled by an aircraft. 
9 The compass direction in which the longitudinal axis of an aircraft ( the nose) points. 
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These attitude measurements, including the heading, play an important role in the 
transformati_on of the lever-arm, and are necessary for a complete and accurate analysis. 
Generally, attitude variables are ideally constant for a landing with a slight pitch to keep the 
nose of the aircraft up, and yaw and roll variables being zero. However, slight variations in 
the attitude of an aircraft can occur ( due to head winds, tail winds, crosswinds, etc), which 
will affect the lever-arm transformation. Therefore, the attitude of the aircraft, especially the 
heading, must be considered to reduce the possible deviations from the glidepath as the 
glidepath passes through the Guidance Control Point (GCP). 
First, the roll of the aircraft is taken into consideration. In Figure 14, the vectors N, 
E, and D of the right-handed orthogonal local-level coordinate system are found in terms of 
the vectors R, P, and H of another. The NED system is obtained from RPH by a rotation 
about R through the angle ~- As a directional cosine array, this transformation is illustrated 
in Equation 3. 
H1(J 
' --,..._-~ 
D 
Figure 14: Roll correction 
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(3) 
Second, the pitch of the aircraft is taken into consideration similar to that of the roll 
rotation shown above. Following the same guidelines, the NED system is obtained from the 
RPH system by a rotation about P through the angle 8. The directional cosine array for this 
transformation is Equation 4. 
N 
8 
H 
D 
Figure 15: Pitch correction 
[
Nl [ cos0 
E = 0 
D P -sin0 
si~0][;] = B[;l 
0 cos0 H H 
(4) 
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Finally, the heading of the aircraft is taken into consideration similar to that of the roll 
and pitch as shown previously. Remember that heading is used instead of yaw as described 
previously in this section. The NED system is obtained from the RPH system by a rotation 
about H through the angle \If. From Figure 16, the directional cosine matrix of Equation 5 
can be determined. 
[
Nl [COSlj/ 
H = Si~lf/ 
N 
/ R 
\jl 
Figure 16: Heading correction 
-Sllllj/ 
cos If/ 
0 
(5) 
Any set of axes can be obtained from any other by a sequence of three rotations. The 
total array for the three rotations is simply obtained by multiplication of the three matrices 
representing the individual rotations [ 1 O]. Figure 17 represents the sequence of rotations of 
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the body-fixed coordinate axes RPH to the local-level coordinate axes NED and can be listed 
as: 
1. Rotation about R-axis (roll) through angle p to produce a, b, and c axes. 
2. Rotation about b-axis (pitch) through angle 8 to produce a', b', and c' axes. 
3. Rotation about c'-axis (heading) through angle \jf to produce N, E, and D axes. 
R,a 
b' 
b b, b' a' 
C c' 
c',D 
Roll Correction, A P~tch Correction, B Heading Correction, C 
Figure 17: Sequence ofrotation for body-fixed to local-level coordinJ1tes 
It is now possible to make the direct transformation from RPH to NED by combining 
this sequence of rotation of the attitude corrections as shown in Equations 6 and 7, where A, 
B, and Care the individual direction cosine matrices from Equations 3 - 5. Note that C, B, 
and A must remain in this order, because finite rotations cannot be represented as true vectors 
and are not commutative [ 6]. It is important to remember that the conversion is being 
• I 
performed going from the RPH body-fixed system to the NED local-level system, not vice 
versa. The lever-arm offsets are in the RPH system because they move in conjunction with 
the aircraft. Thus, D (D = CBA), transforms the components of a vector expressed in the 
RPH body-fixed frame to components expressed in the NED local-level frame. 
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r l lcos~ -sin!f ~roi0 0 sffi0r 0 -,:pFl=Dl~l E = Sllllf COSlf 1 0 0 cos/3 
D 0 0 1 -sin0 0 cos0 0 sin/3 cos/3 H H 
(6) 
m = c[ ::1 =CB[~ l = CBAl fl = n[ fl (7) 
A "transformation" box (Figure 18) is another way to symbolize this rotation and 
resolution conveniently. The interconnections therein indicate the multiplication and - , 
additions required in the resolutions. Although the arrows indicate progression from R, P, H . 
to N, E, D, the transformation works equally well in.both directions. Figure 18 depicts the 
I 
Heading : \jl 
R + cos \jl N 
- sin \jl 
sin \jl 
p cos~ + cos \jl E 
- sin 
sin I 
I 
.H cos~ cos 8 + D 
- sin 8 
I 
Roll : sin 8 
I 
cos 8 
I 
Pitch: 8 
I 
Figure 18: Transformation box of attitude corrections 
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transformation boxes for the relationship between t];ie body-fixed coordinate system and the 
local-level coordinate system.'· When the multiplication and additions are performed, 
Equation 6 will be generated again. 
Equation· 6, currently in NED local-level coordinates, must be converted into the 
ENU reference frame so it may eventually be converted into XYZ ECEF coordinates and 
added to the receiver's DGPS position. The direction cosine matrix from body-fixed to 
local-level coordinates, C~, can now be determined from the following conversion 
(Equation 8). This conversion swaps the location of the North and East components and 
changes the sign on the Down component to put it in reference to the up position. In short, 
rows one and two ofD from Equation 6 are swapped, and the negative of row three is taken. 
(8) 
5.3.2 Position Correction 
Once the lever-arm body-fixed coordinates· are converted into the ENU local-level. 
coordinates, it is possible to convert these coordinates into the XYZ Earth-Center, Earth-
Fixed (ECEF) coordinates. 
First, take into consideration the latitude position of the aircraft. By the definition of 
the right-hand rule, positive latitude corresponds to a negative rotation of the system. This 
must be considered when determining the correct equations. Similar to the demonstration in 
the attitude corrections, the vectors Y, Z, and X are found in terms of the vectors E, N, and 
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U. The YZX frame is obtained from the ENU frame by a rotation about E through the angle 
<j>. The directional cosine matrix for the latitude is determined from Figure 19 and shown in 
Equation 9. The direction cosine matrices of Equation 9 and Equation 3 are very similar to 
one another; however, the sign on the sine components are opposite. This difference resulted 
from the pos.itive latitude not conforming to the right-handed rotation definition. 
Figure 19: Latitude correction 
0 
cos¢ 
-sin¢ 
(9) 
Now, the longitude will be taken into consideration. Similar to that of the conversion 
of the latitude rotation, the YZX frame is obtained from the ENU frame by a rotation about N 
through the angle A. The directional cosine matrix for the longitude transformation shown in 
Figure 20 is determined in Equation 10. 
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X ;'C 
~u 
y 
Figure 20: Longitude correction 
(10) 
The above directional cosine matrix equations, Equations 9 and 10, can now be 
combined, similar to the attitude matrices of the previous section, to give a representation of 
the effects of latitude and longitude with respect to the ECEF coordinate system. Figure 21 
represents the sequence of rotations of the ENU local-level coordinate axes to the YZX 
ECEF coordinate axes and can be listed as: 
1. Rotation about E-axis through angle to produce 1, m, and n axes. 
2. Rotation about m-axis through angle A to produce Y, Z, and X axes. 
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m m,Z 
N 
E, I 
n X n 
Latitude Correction, E Longitude Correction, F 
Figure 21: Sequence of rotations for local-level to ECEF coordinates 
The direct transformation from ENU to YZX can be achieved by combining the 
sequence ofrotations of the DGPS latitude and longitude correction as shown in Equation 11, · 
where F and E are the individual direction cosine matrices from Equations 9 and 10. Note 
that F and E must remain in this order. It is important to remember that this conversion is 
being performed going from the ENU local-level coordinate system to the YZX ECEF 
coordinate system. 
[~]=[cot si~A][~ 
X -sm2 0 cos2 0 
(11) 
m = F[:] =FE[~] = G[ ~] = cC; [I] (12) 
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As shown in Equations 11 and 12, the END local-level reference frame is not aligned 
with the XYZ ECEF reference frame as illustrated in Figure 10. Modifications to G (G = 
FE) from Equation 12 will properly align the axes in the following manner: U-axis with the 
X-axis, E-axis with the Y-axis, and N-axis with the Z-axis. The result is the direction cosine 
matrix from END local-level to XYZ ECEF coordinates, Cf, as shown in Equation 13. 
5.4 DGPS Position and Attitude Corrections 
The above transformations p~rformed.in sections 5.3.1 and 5.3.2 for the attitude and 
position corrections allow the Navigation Reference Poir;it (NRP) to reflect the location of the 
Guidance Control Point (GCP). Using lever-arm offsets from the NRP to the GCP from 
Equation 2, pB, along with the direction cosine matrix from body-fixed coordinates to local-
level coordinates from Equation 8, ct, and the direction cosine matrix from local-level 
coordinates to ECEF coordinates from Equation 9, Cf, the total corrections needed to 
generate a new transposed DGPS solution can be calculated from Equation 14. This puts the 
body-fixed coordinates of the lever-arm offsets into the ECEF coordinate frame. 
r
X Offiet] 
y qffeet = cf ct PB 
ZOffiet 
(14) 
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This correction then adds to the original DGPS position, also in ECEF coordinates, to 
produce the new transformed DGPS position, as shown in Equation 15. This represents the 
complete lever-arm transformation that takes the location of the Navigation Reference Point 
(the location of the GPS antenna that provides the DGPS position of the aircraft), and 
translates this position to the Guidance Control Point (the location of the ILS glideslope 
antenna) by taking into account the effect of the attitude and the geographical position of the 
aircraft. This translation allows the deviations from the glidepath produced by the GPS 
Landing System to reflect similar deviations that would be produced by the Instrument 
Landing System at the same location and instance ih time. 
-lXNew _DGPS] - lX ';riginal _DGPS] lX Offeet] 
rGCP YN~w_DGPS = rNRP + cf ct PB = YOriginal_~GPS + YOffeet 
Z New _DGPS ' Z (!riginal _DGPS Z Offeet 
- (15) 
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6. SENSITIVITY ANALYSIS - PERTURBATION THEORY 
6.1 Attitude 
Consider the attitude motion of an aircraft in two parts: 1) an average or mean 
motion, representative of the operating point or trim conditions, and 2) a dynamic motion 
accounting for small perturbations about the mean motion. The steady-state rolling, pitching, 
and yawing (heading) are possible as a trim condition. The perturbed motions are, by 
definition, those obtained by subtracting the trim motions from the total motions. Thus the 
perturbed equations of motions can be obtained by substituting for heading (\II = \If + O\lf), 
pitch (8 = 8 + 08), and roll (B = B + oB) into Equation 9, expanding, and then subtracting the· 
trim equations. A more straightforward process is to differentiate both sides to obtain the 
perturbed equations directly. To simplify, the . following assumption is made: the 
disturbances from the steady flight condition are assumed to be small enough so the sines and 
cosines of the disturbance angles are approximately the angles themselves and one, 
respectively, and so the products and squares of the disturbance quantities are negligible in 
comparison to the quantities themselves [10]. Using this assumption, the attitude portion of 
the lever-arm correction equations can be written in its most general linearized form as 
follows in Equation 16. These linearizations are used strictly for the purposes of perturbation 
analysis and are not used in the actual calculation of the lever-arm correction. 
(16) 
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Where Ci is the correction from body-fixed coordinates to local-level coordinates 
(from Equation 9) and o'Ci represents the perturbed motions of the attitude as shown in 
Equation 17. 
Olj/COf!J.//CO~ Of/A... COSjfSin0sin/J-sinlj/COS/J) Of/A... COSjfsin0cos/J-sinlj/sin/J) 
-80sinlj/sin0 8(1... Sllllj/CO~sin/3) 8(1... Silllf/CO~Cos/3) 
8/J__ silllf/sin0cos/3-co9.f/sin/J) -8/J__ silllf/sin0sin/3-co9.f/cos/J) 
-Olj/Silllj/CO~ -Of/A.._ Sllllj/Sin0sin/3-co9.f/COS/3) Of/A.._-Sinlj/sin0cos/3-co9.f/sin/J) 
8Ci= -00C09.f/Sin0 8(1... COSff CO~sin/3) 8(1... COSff CO~cos/3) (17) 
8/J__ COSffsin0cosf3-sinlj/sin/J) 8/J__-C09.f/Sin0sin/3-sinlj/COS/3) 
'80co~ 80sin0sin/J 80sin0cosf3 
-8/Jco~cos/J 8/Jco~sin/J 
Tl_ie aforementioned assumption limits the applicability of these equations to "small 
perturbations." fu return for these restrictions, the non-linearities are removed and a set of 
linear equations result. This permits an important simplification in the mathematical 
methods necessary to analyze these aircraft motions. fu addition, while the linearizations are 
applicable in theory only to infinitesimal disturbance from trini, experience has shown that 
quite accurate results can be obtained from disturbances of much larger magnitude [10]. 
The (1 + o'Ci Ci -1 )ci. form of Equation 16 allows the perturbation matrix to be put 
into a skew symmetric form to allow for easier analysis of the perturbation model. The skew 
symmetric model is defined by o'Ci Ci-1 and is calculated in Equation 18, where Ci-1 1s 
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the matrix inverse of ct . It should be noted that the inverse and transpose of this matrix are 
Olf/-Of3sin0 
0 
o0 coslj/ + of] sinlj/ cos0 
. - o0sinlj/ + of] COSlf/ cos0l 
- o0coslj/-Of]sinlj/cos0 
0 
(18) 
Utilizing Equation 16, with lever-arm offsets, ps, it is possible to determine the 
effect of t~e attitude on the lever-arm transformation. Equation 19 provides the ENU local-
level coordinates of the attitude transformation, as well as the attitude transformation errors. 
This error shows the sensitivity of the lever-arm tra~sformation to the attitude perturbations. 
(19) 
6.1.1 Roll Error 
The error for the attitude of the aircraft is considered "roughly" Gaussian based at 
steady state with perturbations reaching several degrees [5]. Using Equation 19 with given 
lever-arm offsets, it is possible to determine what effect the roll has on the lever-arm 
transformation. All components of the attitude are set to zero, except for perturbations in the 
roll. Figure 22 represents the error of this case for the East, North, and Up components. Itis 
apparent that the roll perturbations affect the East and Up directions as implied in Equation 3. 
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ENU Errors with Roll Perturbations (Offset=> x=8.8'138, y=0.1524 1 z=1.7399) 
0.08 ....----,------.-,---......-,--,....------.-,----.-, ---r--,---.,------.-,----, 
-0 .04 .... 
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- · · North Error 
- - Up Error 
-0 .08 L----L-----'-1----L--1 --'L------'-1-------L.1 ___ J....._• _ ___. __ ___._ _ ___. 
-2 .5 -2 -1 .5 -0.5 0 0.5 1.5 2 2.5 
Perturbation (Degrees) 
Figure 22: ENU local-level coordinate errors caused by roll perturbations 
6.1.2 Pitch Error 
The pitch case follows the same scenario as that from the roll case, however, only the 
perturbations of the pitch are taken into consideration. Figure 23 represents the errors from 
the pitch case where the perturbations effect only the North and Up directions as determined 
in Equation 4. 
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ENU Errors wrrh Prrch Perturbations (Offset=> x=S.8138, y=0.1524, z=1.7399) 
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Figure 23: ENU local-level coordinate errors caused by pitch perturbations 
6.1.3 Heading Error 
Similar to the above two cases, only the error perturbations of the heading are taken 
into consideration for this case. As can be seen in Figure 24, the error only occurs in the 
North and East directions. This was determined in Equation 5. It is important to remember 
that the value for the heading is taken without loss of generality, as any specific value just 
distributes the lever-arm offsets between the North and East axes. The heading aligns the 
lever-arm offsets with the longitudinal axis (the nose) of the aircraft. 
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ENU Error with Heading Perturbations (Offset=> x=S.8138, y=0 .1524, z=1 .7399) 
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Figure 24: ENU local-level coordinate errors caused by heading perturbations 
6.1.4 Attitude Error 
This case incorporates all the errors together by keeping the pitch and roll constant, 
and then cycling through possible perturbations for the heading. Then the roll is changed and 
the heading perturbations are cycled through again. This process is repeated until all the 
perturbation combinations are performed. Although the perturbations are Gaussian, 
maximum and minimum values are chosen and certain fixed points are used in-between for 
simplicity. As previously mentioned, the effect of one axis of rotation will affect another. 
For a given set of offsets, with all attitude perturbations contributing, the errors are shown in 
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Figure 25. It should be understood that larger lever-arm offsets from the NRP to the GCP 
will generate larger error, just as smaller lever-arm offsets will generate less error. 
6.2 DGPS Position 
The DGPS solution, which calculates the latitude and longitude position needed for 
the rest of the determination, may also have some error. Similarly to the previous attitude 
perturbation case, this error can also be assumed to generate small perturbations. Using this 
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Figure 25: ENU local-level coordinate errors caused by all attitude perturbations 
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assumption, the latitude and longitude portion of the lever-arm correction equations· can be 
written in its most general linearized form as shown in Equation 20. 
(20) 
Where Cf represents the correction from END locaf-level coordinates to XYZ ECEF · 
coordinates from Equation 13, and 8Cf represents the perturbed motions as shown in 
Equation 21. 
- 8¢ cos)., cos¢+ 8)., sin)., sin¢ 
-8¢sin).,cos¢-8).,cos).,sin¢ 
-8¢sin~ 
- 8¢ cos.)., sin¢- 8)., sin)., cos¢] 
-8¢sinisin¢ +8).,cos).,cos¢ 
8¢cos¢ 
(21) 
; 
Similar to that for the attitude perturbations, the above equation can be put into skew 
SYJJ:liletric form to allow for easier error analysis. 
[ 
0 . 
Jcfcf1 = 5;., 
8¢cos)., 
-8)., 
0 
8¢sin)., 
-8¢cos).,] 
-8¢sin)., 
0 
(22) 
Combining Equation 20, along with the errorless attitude transformation, c; pB, from 
Equation 19, it'is possible to determine the effect of the DGPS position on the lever-arm 
transformation (Equation 23). The latitude and long~tude errors of the DGPS position are 
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most appropriately determined using the local-level coordinate system rather than the ECEF 
coordinate system. Error in the ENU local-level system better describes the error's impact, 
as it is with respect to the aircraft instead of the earth. To accomplish this objective, the 
conversion of the DGPS position with perturbations will be reflected in ECEF coordinates as 
the purpose of Equation 23 is fulfilled. To interpret the error's impact using the ENU 
system, the following conversion must be performed (Equation 24). 
Since the true DGPS position is known, and the perturbations are taken' from this 
position, the perturbed errors may be converted back to the ENU local-level coordinates with 
the true position. This matrix manipulation can be used to calculate the error in the ENU 
local-level coordinate frame. This manipulation is performed on Equation 23 by converting 
the XYZ ECEF coordinates back to the ENU local-level system by taking the matrix inverse 
of cf, where cf is the errorless direct cosi~e matrix from local-level coordinates to ECEF 
coordinates. It should be noted that the inverse and transpose of this matrix are the same. 
Equation 23 gives the XYZ ECEF coordinates of the DGPS position transformation, as well 
as the DGPS transformation errors. Equation 24 converts the ECEF coordinates back to the 
local-level coordinates for easier error analysis. 
lXl [El [El [XOffsetl [XErrorl : = C_z Ci PB = cf N + 5Cf N = Yojfset + YError 
U U Z Offset Z Error 
(23) 
(24) 
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6.2.1 Latitude Error 
The process for determining the effect of the latitude error of the DGPS position will 
be similar to that of the attitude perturbation measurements. By using Equation 24 with the 
given lever-arm offsets, along with attitude components being zero; it is possible to 
determine the effect of the DGPS position errors on the lever-arm transformation. DPGS 
position errors of several degrees were used in the latitude, but none in the longitude. Figure 
26 represents the possible ENU local-level errors that are contributed by the latitude errors of 
the DGPS position. From this figure, it is apparent that the latitude errors affect the 
measurements in the North and Up directions as was implied in Equation 9. 
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Figure 26: ENU local-level coordinate errors cause by latitude perturbations 
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6.2.2 Longitude Error 
The process for determining the effect of longitude error is identical to the process for 
latitude. The same conversions are applied to convert the errors back to the ENU local-level 
frame, and the following errors are generated as shown in Figure 27. In this figure, the 
latitude errors affect the measurements in the East and Up directions as was determined in 
Equation 10. 
EMU Errors with Longitude Perturbations (Lat =39 .5 1 Long =-7 4 .6) 
0 .4 .------r1---,---""T1----r--1---.,-----.-, ----,,.----~. ---.--,----, 
0.3 .... __ -, . ___ _ 
.............. 
0.2 -
L. 
L. 
UJ 
-0.1 --
-0.2 ... 
-0 .3 ... - East Error 
- · · North Error 
- - Up Error 
-0 .4 .___ _ ___._. ___ ..___1 _ __._1 ___ ...___1 _ ___., ___ ...___ '--...J'----'---......L..------1 
-2.5 -2 -1.5 -1 -0.5 0 0.5 1.5 2 2.5 
Perturbation (Degrees) 
Figure 27: ENU local-level coordinate errors caused by longitude perturbations 
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6.2.3 DGPS Position Error 
This case now incorporates the errors of the latitude and longitude together. This was 
performed by first keeping the latitude constant, and then cycling through possible 
perturbations for the longitude. This process was repeated for each possible perturbation of 
the latitude. Maximum and minimum values were chosen and certain fixed points were 
taken in-between for simplicity. Figure 28 shows, as mentioned before, that the effect of one 
axis of rotation affects another. Similar to the attitude analysis, larger lever-arm offsets will 
generate larger errors, and vice versa. 
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Figure 28: ENU local-level coordinate errors caused by lat/long perturbations 
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6.2.4 Realistic DGPS Position Error 
The values of the latitude and longitude errors described previously do not accurately 
describe the possible DGPS position errors. The maximum error above of 2.5 degrees for the 
latitude and longitude yields an error of approximately 280000 meters, which converts to 
approximately 175 miles. A more conservative error for the latitude and longitude would be 
around 0.00005 degrees, which results in an error of approximately five meters. When this 
value is used for the maximum error for the DGPS position, it results in a negligible value of 
approximately 0.000008 meters as shown in Figure 29. Therefore, the error that would be 
contributed to the lever-arm transformation by the DGPS position in C1 can be ignored. 
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7. ERRORANALYSIS 
The error analysis was performed on several cases utilizing different forms of the 
lever-arm correction. Table 4 show the cases used for this analysis. These cases address 
situations in which the Inertial Reference System (IRS) data, the system that supplies attitude 
information to the GPS Landing System (GLS), is assumed to be accurate, as well as cases 
when this data may be corrupt and ignored. In the latter case, no attitude data will be used. 
Table 4: Variations of the lever-arm corrections 
Lever-Arm Correction from the Navigation 
Reference Point to the Guidance Control Point 
No Correction 
Vertical Offset Only 
Vertical Offset With Attitude 
2-D Offset Only 
2-D Offset with Attitude 
3-D Offset Only 
3-D Offset with Attitude 
The various cases show possible error differences between them, and address error 
resulting from data being passed between equipment aboard the aircraft. Attitude data, as 
well as other important information, may be passed to the GLS unit via an input/output 
device. The criticality level used to verify this device determines if the data will be used. In 
a low-level criticality unit, data may not be reliable if it passes though a low-level verified 
input/output device. 
The lever-arm body-fixed offsets used for this error analysis come from a Boeing 
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727. It is important to remember that larger lever-arm body-fixed offsets will generate larger 
errors in the Navigation Reference Point (NRP) to Guidance Control Point (GCP) 
transformation, just as smaller offsets will generate less error. Therefore, individual aircraft 
should be examined. 
7.1 Assumptions 
To. allow for an error analysis certain assumptions are necessary to result in an 
accurate and reasonable set of results (Table 5). 
Table 5: The assumptions used for deteunining the error 
ASSUMPTIONS 
The lever-arm body-fixed coordinate-offsets -that can be determined from section 5.2 are set 
at the following values: x = 8.8138 meters, y = 0.1524 meters, and z = 1.7399 meters for a 
. Boeing 727 aircraft. 
The attitude corrections for a typical landing and approach will be set to the following: pitch 
= 5°, roll= 0°, and yaw= 0° 
The nominal glideslope is 3 °. 
The attitude perturbations are considered to be Gaussian; however, maximum and minimum 
perturbations of ±2.5° and fractions thereof are used. 
The DGPS position error can be as much as five meters in any direction from the phase-
center of the GPS antenna. (1) 
Attitude corrections are taken from the phase-center of the GPS antenna not the center of 
mass of the aircraft.C2) 
ll) .• . The DGPS pos1t10n 1s more accurate m the lateral d1rectlon than m the vertical. 
(l) Since the glidepath will pass through the NRP, or it's .corrected lever-arm solution, this 
allows the attitude corrections to be taken from the NRP instead of the center of mass of the 
aircraft, and the offsets from the center of mass to the NRP can be ignored. Whether the 
attitude corrections are taken from the center of inass or the NRP, the possible error from the 
glidepath will be the same. 
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7.2 Determination of the Offsets 
To determine the offsets used for the lever-arm corrections, the ideal landing 
situations of the attitude and glideslope assumptions are utilized. These assumptions make it 
possible for the NRP and GCP to be on the glidepath simultaneously with the following 
cases, except in the case of no lever-arm correction. 
7.2.1 Case 1: No Lever-arm Correction 
The case in which no lever-arm correction is applied does not utilize the supplied xyz 
lever-arm offsets. This is the baseline to demonstrate that some form of lever-arm correction 
might be required to reduce the total error from the glidepath. 
7.2.2 Case 2: Vertical Lever-arm Correction Offset without Attitude 
Figure 30 determines the amount of vertical offset that results in the least amount of 
error, without the use of attitude information. Using the ideal assumptions, a vertical offset 
that places the vertical lever-arm offset on the glidepath that goes through the GCP can be 
NRP 
z ·---------
Glideslope 
GCP 
b 
X 
Figure 30: Offset for vertical lever-arm correction without attitude 
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determined. Equations 25 - 30 provide the calculations for determining the vertical offset 
(V), shown with the shaded line in the figure. 
a= c * cos(a +pitch)= c * cos(a + 5°) 
b = c * sin(a +pitch)= c * sin(a + 5°) 
z' = b * tan(glideslope) = b * tan(3°) 
V = a-z' 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
The above calculations create new lever--arm offsets as shown in Equation 31. 
[
xnew l [Ol P : ew = Y new = 0 
2 new V 
(31) 
7 .2.3 Case 3: Vertical Lever-arm Correction Offset with Attitude 
The determination of the vertical lever-arm offset when the attitude of the aircraft is 
taken into consideration is very similar to the case when the attitude is not taken into 
consideration. The vertical offset (V) will be slightly different then before as can be seen in 
Figure 31 and Equations 32 and 33. 
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Figure 31: Offset for vertical lever-arm correction with attitude 
z' = x * tan(pitch + glideslope) = x * tan(5° + 3°) 
V = z- z' 
(32) 
(33) 
The above calculations create new lever-arm offsets as shown in Equation 34. 
(34) 
7.2.4 Case 4: 2-Dimensional Lever-arm Correction Offset without Attitude 
In the 2-dimensional lever-arm case without taking into consideration the attitude of 
the aircraft, a new 2-dimensional lever-arm correction can be obtained from Figure 32. By 
using the ideal assumptions, a 2-dimensional offset can be determined that places the lever-
arm offsets on the glidepath and the GCP. Equations 35 - 38 provide the calculations needed 
to determine the 2-dimensional offset (A and B), shown with the shaded lines in Figure 32. 
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Figure 32: Offset for 2-dimension lever-arm correction without attitude 
c=-Jx 2 +z 2 
A=· c * cos(a +pitch)= c * cos(a + 5°) 
B = c * sin(a +pitch)= c * sin(a + 5°) 
(35) 
(36) 
(37) 
(38) 
The above calculations create new lever-arm offsets as shown in Equation 39. 
[
Xn ew l [Bl P!ew = Ynew = Q 
2 new A 
(39) 
7.2.5 Case 5: 2-Dimensional Lever-arm Correction Offset with Attitude 
The 2-dimensional lever-arm correction with the attitude uses all given supplied 
offsets except for the y component ( along the right wing) of the offset. Therefore, there are 
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no other calculations that need to be performed to gain the lever-arm offsets. The new lever-
arm offsets are shown in Equation 40. 
[
Xnew l [X] P !ew = Y new = 0 
2 new z 
(40) 
7.2.6 Case 6: 3-Dimensional Lever-arm Correction Offset without Attitude 
The offsets for the 3-dimensional lever-arm correction is determined identically to 
that of the 2-dimensional case. The only difference between the two is the addition of the y 
component of the offset for the 3-dimensional case. Refer to Equations 35 - 38 and Figure 32 
for the calculations to determine the offsets. The new lever-arm offsets are shown in 
Equation 41. 
[
Xn ew l [Bl P!ew = ;n,w = Y 
new A 
(41) 
7.2.7 Case 7: 3-Dimensional Lever-arm Correction Offset with Attitude 
The 3-dimensional lever-arm correction with attitude uses all three of the supplied 
lever-arm offsets. No adjustments need to be made with these offsets because of the attitude 
corrections. 
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7.3 Determination of Vertical and Horizontal Error 
Due to the perturbations of the attitude and the errors induced by the DGPS position, 
there may be some vertical and horizontal error from the glidepath as it passes through the 
Guidance Control point (GCP). As previously mentioned, the goal is to determine the lever-
arm correction on the glidepath, as the glidepath passes through the GCP. However, taking 
into account the errors, the actual lever-arm correction may be different from the expected 
values, and could result in values that are not on the glidepath. Figure 33 gives a graphical 
representation of how this error is determined. The heading and track are in the N-E plane, 
while the glidepath is nominally a three-degree angle from the N-E plane at the GCP. The 
glidepath is in the direction of the track. 
tJ 
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/" Correction 
! N 
! 
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Error ~,/~ Track 
Horizontal Glidepath 
Error 
Figure 33: Horizontal and vertical error from the glidepath 
Since the DGPS position error can be ignored in the calculation of the lever-arm 
correction as determined in section 6.2.4, only the attitude errors need to be taken into 
consideration when converting the lever-arm offsets into the ECEF coordinate system. 
However, the DGPS position errors must be considered when they are added to the actual 
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lever-arm correction calculations. The addition of the DGPS position and the lever-arm 
correction results in a new transformed DGPS position (Equation 15), which will be called 
the GLS DGPS position. To determine the total vertical and horizontal errors, the difference 
between the true GLS DGPS position (the actual location of the GCP) and the calculated 
GLS DGPS position (with error) must first be determined as shown in Equation 42. This 
difference is then converted back to the ENU local-level coordinate system. This is 
performed by taking the inverse of the ENU local-level to ECEF coordinates direction cosine 
matrix, C1 (from Equation 13), and applying it to the GLS DGPS position and GCP 
difference as shown in Equation 43. This matrix manipulation of converting the ECEF 
coordinate errors back to ENU local-level coordinate system was originally demonstrated in 
section 6.2. 
[X Error l [X GLS l [X GCP l YError = YGLS - YGCP 
Z Error Z GLS Z GCP 
(42) 
[
£ Error l = E-I [X Error l 
N Error CL Y Error 
U Error Z Error 
(43) 
Once the errors in the ENU local-level coordinate system are determined and the 
Track angle is known (see Figure 13), the horizontal and vertical errors from the glidepath 
can be determined. Figure 34 shows a possible view of the Guidance Control Point (GCP) 
and the actual lever-arm correction position in the N-E plane. Equations 44 - 47 are the 
calculations that convert the perpendicular horizontal error from the actual lever-arm 
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correction position to the glidepath. At this point, the yaw of the aircraft is factored into the 
calculation of the overall error (as described in section 5.3.1). A positive, horizontal error 
means the glidepath is to the right of the lever-arm correction position, while a negative error 
means the glidepath is to the left. 
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North Error / Horizontal 
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Correction 
Heading 
Track, 
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Figure 34: Determination of the horizontal error from the glidepath 
( 
East Error J rp = arctan -
North Error 
Error_ Vector= -J(East_Error )2 + (North_Error )2 
Track_ Distance = Error_ Vector x cos(Track angle - rp) 
Horizontal_ Error = Error_ Vector x sin(Track angle - rp) 
(44) 
(45) 
(46) 
(47) 
Once the Track_ Distance is known (Equation 46), it is now possible to determine 
what the vertical distance is from the N-E plane to the glidepath. Since the error in the Up 
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direction is known (Equation 43), this value can be added to the Track_Error (Equation 48), 
resulting in the total vertical error from the actual lever-arm correction position to the 
glidepath. This can be seen in Figure 35 and Equations 48 and 49. A positive, vertical error 
means that the glidepath is above the lever-arm correction position, while a negative error 
means the glidepath is below. 
u • 
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Up Error 
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/ Track Error ~---
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Figure 35: Determination of the vertical error from the glidepath 
Track_ Error = - Track_ Distance x tan(glidepath) = - Track_ Distance x tan(3 °) ( 48) 
Vertical_Error = Track_Error- Up_Error (49) 
7.4 Error Results 
The total vertical and horizontal errors from the glidepath as it passes through the 
Guidance Control Point (GCP), as determined in section 7.3, were calculated using various 
forms of the error data. This analysis was performed by taking a specific position: North 
latitude 39.4 degrees, West longitude 74.69 degrees. For a complete analysis, all possible 
combinations of the attitude perturbations were used. 
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The Radio Technical Commission for Aeronautics (RTCA) 10 has identified specific 
standards and requirements. Under any given set of conditions, the requirements for the 
vertical and lateral Navigation Sensor Error (NSE) shown in Table 6 shall be met for 95% of 
the approaches [16]. This table provides the minimum error the GPS Landing System (GLS) 
must fall in; however, for each case, the NSE limit may be greater depending on the distance 
away and the height above the runway. 
Table 6: The minimum Navigation Sensor Error for precision landing categories 
Precision Landing 95% Vertical NSE Limit 95% Lateral NSE Limit 
Category (meters) (meters) 
Cat I 4.0 16.0 
Cat IVIIIa 2.0 6.9 
Cat IIIb 2.0 6.2 
The following section provides figures that give the maximum and minimum errors 
for each case of the offsets. Since the DGPS error may contribute the most amount of error, 
two figures were given to show the error of just the attitude and then the attitude and DGPS 
errors combined. For Table 7, only the average error values are given for all cases. The 
average for just the attitude error and then the addition of the DGPS error were identical. 
Since the lever-arm offsets were designed for the ideal case, there will be no 
difference in the errors between them. The only difference occurs in the two 3-dimensional 
10 RTCA, Inc. is a private, not-for-profit corporation that develops consensus-based recommendations regarding 
communications, navigation, surveillance, and air traffic management system issues. RTCA functions as a 
federal advisory committee. Its recommendations are used by the FAA as the basis for policy, program, and 
regulatory decisions and by private sector as the basis for development, investment, and other business 
decisions. 
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Table 7: Average error from attitude and position sources 
A vera2e Vertical Error (meters) Avera2e Horizontal Error (meters) 
Case Scenario 1 (l) Scenario i<2) Scenario 1 (l) Scenario i<2) 
None -0.49617 -1.12864 0.15225 0.58606 
Vertical Only 0.00083 -0.63164 0.15225 0.58606 
Vertical 0.00083 -0.63091 0.15225 0.63772 
2-D Only 0.00083 -0.63050 0.15225 -0.03700 
2-D 0.00083 -0.01532 0.15225 0.15066 
3-D Only 0.00083 -0.62994 -0.00015 -0.18902 
3-D 0.00083 0.00115 -0.00015 -0.00056 
ci) Scenario 1 represents the ideal case with the following conditions: the pitch is five 
degrees, the roll is zero degrees, the heading is 50.53 degrees, and the yaw is zero 
degrees. 
C
2
) Scenario 2 represents the case with the following conditions: the pitch is one 
degree, the roll is six degrees, the heading is 54.53 degrees, and the yaw is four 
degrees. 
cases that include the horizontal offset. However, the attitude corrections of scenario 2 differ 
from what the lever-arm offsets were originally calculated and designed. This causes the 
errors to become larger in most cases. As can be seen in Table 7, the 2-dimensional and 3-
dimensional cases with attitude corrections generate the least amount of vertical error. 
7.4.1 Horizontal Error 
The horizontal error determines the distance, to the left or right, from the transformed 
Navigation Reference Point (NRP) to the glidepath as the glidepath passes through the 
Guidance Control Point (GCP). This corresponds to how far the aircraft is from the runway 
centerline. As shown in Figure 36, the horizontal error from scenario 1 for the various lever-
arm corrections is not an issue. A distance from the centerline of approximately 0.6 meters 
will not cause any problems. 
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Figure 3 7 uses the same errors from the attitude corrections, but includes the DGPS 
errors in the analysis. With the assumption that the DGPS error could be as much as five 
meters in any direction, results in the worst case horizontal error of more than five meters. 
Although this error may seem excessive, the error assumption may not be realistic because 
the lateral accuracy of the DGPS is better than the vertical accuracy. Therefore, the 
horizontal error could be deceiving. The errors still fall within the horizontal Navigation 
Sensor Error (NSE) limits. 
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Figure 36: Horizontal error prqduced by attitude for scenario I 
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Total Horiz.ont:al Frror (Pitc1F5, Roll=O, Yaw=O, Heading=50.53) 
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Figure 37: Total horizontal error from scenario 1 
Scenario 2 modifies the attitude of the aircraft as stated in Table 7 above. In the 
previous scenario, the attitude corrections used the ideal cases as the basis for the lever-arm 
offsets as calculated in section 7 .2. This scenario, on the other hand, provides possible 
attitude data that may occur due to cross winds during an approach. As can be seen in Figure 
38, this scenario produces slightly more horizontal error than the previous scenario shown in 
Figure 36. However, the error falls well within reasonable parameters. When the DGPS 
error is considered, as shown in Figure 39, the error becomes quite large. As previously 
stated, however, the horizontal error produced by the DGPS will not be this large. 
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Figure 38: Horizontal error produced by attitude for scenario 2 
~ --- -----------·---------------------· 
6 
4 
,_ 
2 r:n l-< 
(1) 
(1) s 0 --l-< 
0 
t: -2 r.il 
-4 
-6 
Total Horizontal Error (Pitch=l , Ro11=6, Yaw=4, Heading=54.53) 
Latitude=39 .40053, Longitude=-74.69091 
None Vert Only Vert 2-D Only 2-D 3-D Only 3-D 
Lever-Arm Case lll maximum minimum average 
Figure 39: Total horizontal error from scenario 2 
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7.4.2 Vertical Error 
The vertical error is extremely important in the analysis of the lever-arm correction 
transformation. If the aircraft is lower than expected at touchdown on the runway, there is a 
possibility of shearing off the landing gear, damaging the aircraft and injuring passengers. In 
zero visibility, large errors in vertical position could even cause landing short of the runway. 
For the ideal case scenario, the vertical error caused by the attitude perturbations are 
within reasonable parameters of approximately 0.5 meters maximum in either direction as 
shown in Figure 40. It is apparent from the figure that without the lever-arm correction, 
more error is produced, demonstrating the need for some form of lever-arm correction. 
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Figure 40: Vertical error produced by attitude for scenario 1 
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When the DGPS position error is taken into consideration as shown in Figure 41, the 
results fall outside of acceptable parameters. However, the Navigation Sensor Error 
specified before in Table 6 is for 95% of the approaches. Therefore, for a Category I landing, 
the error can exceed four meters, five percent of the time. 
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Figure 41: Total vertical error from scenario 1 
When the ideal case is not used and cross winds are taken into consideration as 
represented in Figure 42, the vertical errors become larger, which is expected. In some cases, 
these errors may be getting excessive for acceptable parameters in the field. This figure 
illustrates that some form of lever-arm correction should be performed. According to this 
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figure, the two that result in the most acceptable errors are the 2-dimensional or 3-
dimensional cases when the attitude corrections are taken into consideration. The results for 
these cases will be able to support a Category I landing, and may even be acceptable for a 
Category III landing with requirements that are more stringent. Refer to Table 1 in section 
3 .1 for definitions on these landings. However, once the DGPS error is taken into 
consideration for this scenario, all cases become excessive. As stated before, for a Category I 
landing, the error can exceed four meters, five percent of the time. 
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Figure 42: Vertical error produced by attitude for scenario 2 
6 
4 
,,-.._ 2 
rn ;.... 
C) 
0 -+-> C) s ---l-1 -2 0 
-4 
-6 
-8 
74 
Total Vertical~(PitclF=l, Roll==6, Yaw=4, Heading=54.53) 
Latitude=39.40053, Longitude=-74.69()()1 
None Vert Qtly Vert 2-D Qtly 2-D 3-D Qtly 3-D 
Lever-Ann Case Iii maximum II minimnn average 
Figure 43 : Total vertical error from scenario 2 
7.4.3 Discussion of the Results 
As illustrated in Table 7, the average error for all cases and all scenarios is similar; 
however, the 2-dimensional and the 3-dimensional cases that take the attitude into 
consideration resulted in the least amount of vertical error. The manner in which the Global 
Positioning System (GPS) Landing System (GLS) is configured in the aircraft determines 
which case is most suitable. Airlines are required to equip with redundant, and in some 
cases, independent systems. This equipage is either fail operational, or fail passive, to meet 
flight critical requirements. For example, extra antennas are installed on the fuselage of the 
aircraft for the GLS system. Most of the airlines use a standard side-by-side configuration 
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for the antenna placement. As described in section 5.2, this would result in difference offsets 
from the buttock-line. Normally they would be the same distance from the centerline, just in 
opposite directions. As shown in the above figures, the error difference between the 2-
dimensional and 3-dimensional cases is minimal, especially in the vertical results. Therefore, 
the more practical solution would be to use the 2-dimensional case. This results in a more 
simplified solution to the lever-arm correction, because the GLS does not need to identify 
which unit is being used, to determine if a positive or negative buttock offset is needed. 
It is apparent from the figures above, that the assumption made for the DGPS error 
being up to five meters, would result in errors outside the limits specified by the NSE for the 
vertical error limits, as previously shown in Table 6. However, the errors are within 
tolerance for the lateral error limits. 
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8. SIMULATION RESULTS 
A scenario was created on a Northern Telecom Dual six-channel STR-2760 GPS 
Satellite Simulator [ 18]. This scenario is similar to an aircraft approach from a height of 596 
meters to three meters following a three-degree glidepath. Starting at North latitude 39° 
24.03', West longitude 7 4 ° 41.45' and finishing at North latitude 39° 27 .85', West longitude 
74° 35.46' with a heading of 50 degrees and a pitch of five degrees. Gaussian attitude 
perturbations of up to ±2.5 degrees in the pitch, roll, and heading were used. This was only 
performed on the 2-dimensional lever-arm case. This scenario was run five times for 
consistency in the results on a 12-channel least squares GNSS receiver. For this receiver, the 
navigation solution shall only use those satellites for which valid differential corrections are 
available [ 16]. As seen in Figure 44, the horizontal error is well within the 95% horizontal 
NSE limits specified in Table 6. The vertical error, shown in Figure 45, is also within the 
95% vertical NSE limits; however, the error may be getting excessive to satisfy the 
requirements for more stringent precision landing categories. In comparison of these two 
figures, it is apparent that the DGPS position horizontal components are more accurate than 
the vertical components as mentioned in the assumptions of Table 5 in section 7 .1. Figure 45 
leads to the conclusion that the assumptions made for the DGPS error may have been 
excessive and that errors that are more reasonable would be along the lines of two meters. It 
is important to remember that the simulator used was a six-channel simulator. As discussed 
in section 3.2, the GPS constellation provides at least five satellites in view, with a high 
probability of more, which increases the accuracy of the DGPS position. 
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Figure 44: Horizontal error for a simulated approach 
Simulated Approach on STR GPS Satellite Simulator 
0 
g -0.5 
LU 
ro 
(.) 
t 
J -1 . . 
-1 .5 · · · · · · · · · · · r · · · · · · -~ · · · · · · ;· ·  ..· · · · 1 ·· · · · · · · :- · · · · · · · 1 · · · · · · · · 
. . . . . . . . . . . . . . . -2 L---1--------L--....l....----1---.L--___J___-----L __ _,___----'--_ ____J 
0 100 200 300 400 500 600 700 800 900 1000 
Altitude (feet) 
Figure 45: Vertical error for a simulated approach 
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During a precision landing, there is a point where the glidepath will no longer be 
tracked and the deviations from the glidepath will start becoming larger. This position, 
generally known as the flare point, occurs at approximately 50 feet. At this point, the flight 
control computers begin to level the aircraft with more of an exponential path, instead of the 
linearity of the glidepath, to allow for a smoother landing. Using the same scenario as 
described above, a Monte Carlo simulation was performed 100 times in which the attitude 
measurements were independently varied by as much as ±7.5 degrees to provide a histogram 
of the vertical errors at the flare point. As seen in Figure 46, the vertical error for the 100 
runs fall within the 95% vertical NSE limits specified in Table 6 for all category landings. 
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9. CONCLUSION 
The purpose of this research was to perform sensitivity and error analysis on lever-
arm corrections for translating the Navigation Reference Point to the Guidance Control Point 
on airborne GPS Landing System applications. This thesis began with general background 
information, providing the necessary knowledge of the concept behind the lever-arm 
correction. The determination of the direction cosine matrices for the attitude and DGPS 
position lead into the analysis of the lever-arm transformation. A sensitivity analysis was 
performed on each component of the direction cosine matrices, and then the overall effect 
when the components were acting together. From the analysis it was determined that the 
DGPS inaccuracies could be ignored in the direction cosine_ matrix transformation, but must 
be considered for the overall error analysis. An error analysis on several methods to apply 
lever-arm corrections was then performed. This data provided information to quantify the 
impact of the lever-arm correction to system accuracy. The last chapter provided simulation 
results_ to bring everything together. This simulation gave more insight into how attitude 
perturbations and DGPS inaccuracies affect the lever-arm transformation. 
As seen in the simulation results, the vertical and horizontal errors would be 
acceptable for Category I precision landings. Although the vertical error may be within the 
limits for the requirements for Category II and III applications, the error falls on the outer 
limits of the requirements and might still be excessive. All of the results are based on the 
assumptions used, in particular, the lever-arm offsets are for a specific aircraft. Larger 
Navigation Reference Point (NRP) to Guidance Control Point (GCP) distances will generate 
larger errors; therefore, individual aircraft should be examined. 
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The size of the individual aircraft and the distance between the NRP and GCP warrant 
the need for lever-arm corrections. With larger NRP to GCP distances, it is apparent from 
the error results that some form of lever-arm correction is needed to meet the stringent 
requirements for precision landings. The results indicate that the horizontal error is not an 
issue, but the vertical error needs to be considered. When there is no attitude data being 
used, there is no benefit to the 3-dimensional offset over just the vertical offset. Therefore, . . 
for simplicity, the vertical offset only case should be used when no attitude data exists. 
When attitude data is being used, there is no benefit to the 3-dimensional offset over the 2-
dimensional offset as can be seen in the vertical error results. Therefore, when attitude is• 
being used, the 2-dimensional lever-arm case should. be used. It is important to remember 
that with all cases, except the vertical only case, that the heading must be known in order to 
align the lever-arm correction with the nose of the air9raft. The heading can either be 
supplied to the aircraft through the Inertial Reference System (IRS) or computed by the GPS 
Landing System (GLS) function. 
With the ongoing advancements in GPS technology, the error sources in the system 
will become negligible, making the system extremely accurate. As the inaccuracies are 
decreased, the errors induced into the lever-arm transformation could eventually be ignored. 
As demonstrated in this research, the errors introduced by just the attitude perturbations are 
small enough that the GLS could be used for all precision landings and even surface 
operations. 
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APPENDIX - MATLAB PROGRAMS 
A.1 Attitude Perturbations Program - att_pert.m 
% Scott M. Ertler 
% Title: Lever-arm correction analysis applies to commercial airborne 
% GPS Landing System applications 
% Purpose: Perturbation Theory on the attitude corrections. 
% Initialization of attitude and perturbations 
heading=0*pi/180; 
pitch=0*pi/180; 
roll=0*pi/180; 
d heading=0*pi/180; 
d-pitch=O*pi/180; 
d=roll=O*pi/180; 
% 
% The given Lever-Arm offsets 
% 
gps_antenna = [525, -6, 306.5]; % (fl,bl,wl) in inches 
glideslope_antenna = [178, 0 , 238]; % (f2,b2,w2) in inches 
lever arm= (glideslope antenna - gps antenna) * 0.0254; % in meters 
x_offset -lever_arm('.I.T; % 8.8138.meters 
y_offset = lever_arm(2); % 0.1524 meters 
z_offset = -lever_arm(3); % 1.7399 meters 
offset= [x_offset; y_offset; z_offset]; · 
% 
% Coversion from Body coordinates to Locql-level coordinates 
% 
% Cbl = Cbl + d Cbl 
% attitude correction (Cbl) 
% 
att_corr = [sin(heading)*cos(pitch), 
sin(heading)*sin(pitch)*sin(roll)+cos(heading)*cos(roll), 
sin(heading)*sin(pitch)*cos(roll)-cos(heading)*sin(roll); 
cos(heading)*cos(pitch), cos(heading)*sin(pitch)*sin(roll)-
sin(heading)*cos(roll), cos(heading)*sin(pitch)*cos(roll)+sin(heading)*sin(roll); 
sin(pitch), -cos(pitch)*sin(roll), -cos(pitch)*cos(roll)]; 
% 
% attitude perturbations (d_Cbl) 
% 
delta_att_corr = [d_heading*cos(heading)*cos(pitch)-
d_pitch*sin(heading)*sin(pitch), 
d_heading*cos(heading)*sin(pitch)*sin(roll)+d_pitch*sin(heading)*cos(pitch)*sin(rol 
l)+d_roll*sin(heading)*sin(pitch)*cos(roll)-d_heading*sin(heading)*cos(roll)-
d_roll*cos(heading)*sin(roll), 
d_heading*cos(heading)*sin(pitch)*cos(roll)+d_pitch*sin(heading)*cos(pitch)*cos(rol 
1)-d_roll*sin(heading)*sin(pitch)*sin(roll)+d_heading*sin(heading)*sin(roll)-
d_roll*cos(heading)*cos(roll); 
-d_heading*sin(heading)*cos(pitch)-
d_pitch*cos(heading)*sin(pitch), -
d_heading*sin(heading)*sin(pitch)*sin(roll)+d_pitch*cos(heading)*cos(pitch)*sin(rol 
l)+d_roll*cos(heading)*sin(pitch)*cos(roll)-
d_heading*cos(heading)*cos(roll)+d_roll*sin(heading)*sin(roll), -
d_heading*sin(heading)*sin(pitch)*cos(roll)+d_pitch*cos(heading)*cos(pitch)*cos(rol 
1)-
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d_roll*cos(heading)*sin(pitch)*sin(roll)+d_heading*cos(heading)*sin(roll)+d_roll*si 
n(h~ading)*cos(roll); 
d_pitch*cos(pitch), d_pitch*sin(pitch)*sin(roll)-
d roll*cos(pitch)*cos(roll), 
dyitch*sin(pitch)*cos(roll)+d_roll*cos(pitch)*sin(roll)J; 
% 
% 
% The total attitude correction including the perturbation error 
% 
% Cbl = (I+ d_Cbl * Clb)*Cbl *offset= (I+ skew)*Cbl*offset 
% 
% skew symmetric for the perturbations 
% 
skew_att_corr = [O, d_heading - d_roll*sin(pitch), -d_pitch*sin(heading) + 
d_roll*cos(heading)*cos(pitch); 
-d_heading + d_roll*sin(pitch), O, -d_pitch*cos(heading) -
d_roll*sin(heading)*cos(pitch); 
d_pitch*sin(heading) - d_roll*cos(heading)*cos(pitch), 
d_pitch*cos(heading) d_roll*sin(heading)*cos(pitch), OJ; 
% 
% The error for the given attitude with it's perturbations 
% 
i = O; % counter 
% 
% pitch error 
% 
d_pitch = O; 
d_roll = O; 
d heading= O; 
for d_pitch = -2.S*pi/180: (O.S*pi/180) :2.S*pi/1"80, 
i = i + l; 
skew_att_corr = [O, d_heading - d_roll*sin(pitch), -d_pitch*sin(heading) + 
d_roll*cos(heading)*cos(pitch); 
-d_heading. + d_:toll*sin (pitch), O, -d_pitch*cos (heading) -
d_roll*sin(heading)*cos(pitch); 
d_pitch*sin(heading) - d_roll*cos(heading)*cos(pitch), 
d_pitch*cos(heading) + d_roll*sin(heading)*cos(pitch), OJ; 
pert_error(:,i) skew att_corr * att_corr * offset; 
end 
% 
% roll error 
% 
d_pitch = O; 
d_roll = O; 
d heading= O; 
for d_roll = -2.S*pi/180: (O.S*pi/180) :2.S*pi/180, 
i = i + l; 
skew_att_corr = [O, d_heading - d_roll*sin(pitch), -d_pitch*sin(heading) + 
d_roll*cos(heading)*cos(pitch); 
-d_heading + d_roll*sin(pitch), 0, -d_pitch*cos(heading) -
d_roll*sin(heading)*cos(pitch); 
.d_pitch*sin(heading) - d_roll*cos(heading)*cos(pitch), 
d_pitch*cos(heading) + d_roll*sin(heading)*cos(pitch), OJ; 
pert_error(:,i) skew_att_corr * att_corr * offset; 
end 
% 
% heading error 
% 
d_pitch = O; 
droll= O; 
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d_heading = O; 
for d_heading = -2.5*pi/180: (0.5*pi/180) :2.5*pi/180, 
i = i + l; , 
skew_att_corr = [O, d_heading - d_roll*sin(pitch), -d_pitch*sin(heading) + 
d_roll*cos(heading)*cos(pitch); 
-d_heading + d_roll*sin(pitch), 0, -d_pitch*cos(heading) -
d_roll*sin(heading)*cos(pitch); 
d_pitch*sin(heading) - d_roll*cos(heading)*cos(pitch), 
d_pitch*cos(heading) + d_roll*sin(heading)*cos(pitch), O]; 
pert_error(:,i) skew_att_corr * att_corr * offset; 
end 
% 
% Overall error with perturbations in each axis of attitude 
% 
j = O; 
ford pitch= -2.5*pi/180: (l*pi/180) :2.5*pi/180, 
for-droll= -2.5*pi/180: (l*pi/180) :2.5*pi/180, 
for-d_heading = -2.5*pi/180: (l*pi/180) :2.5*pi/180, 
skew_att_corr = [O, d_heading - d_roll*sin(pitch), -d_pitch*sin(heading) + 
d_roll*cos(heading)*cos(pitch) ;· 
-d_heading + d_roll*sin(pitch), 0, -d_pitch*cos(heading) -
· d_roll*sin(heading)*cos(pitch); 
d pitch*sin(heading) - d roll*cos(heading)*cos(pitch), 
d_pitch*cos(heading) + d=roll*sin(heading)*cos(pitch), OJ; · 
j = j + l; 
all_pert_error(:,j) skew_att_corr*att_corr*offset; 
end 
end 
end 
% 
% Plot the data attitude perturbations 
% 
str x 
str_y 
str z 
att str 
% 
[ 'x=' num2str (x_offset)] ; 
['y=' num2str(y_offset)]; 
[' z= '· num2str (z_offset)]; 
= [' (Offset => ', str_x, ', 1 
% Plot the pitch perturbation 
% 
x_axis = -2.5:0.5:2.5; 
figure(l) 
str_y,', ' 
plot(x_axis,pert_error(l,l:i/3), 'r- 1 ); 
hold on 
plot(x_axis,pert_error(2,l:i/3), 'b-. '); 
plot(x_axis,pert_error(3,1:i/3), 'g-- 1 ); 
legend('East Error', 'North Error', 'Up Error' ,4); 
hold off 
str_z,')']; 
title(['ENU Errors with Pitch Perturbations ' att str]); 
xlabel('Perturbation (Degrees)'); 
ylabel('Error (meters)'); 
store= [ 1 d:\school\thesis\plots\p_err 1 ]; 
print (figure (1), '-depsc', '-tiff', '-r300', store) 
% 
% Plot the roll perturbation 
% 
figure(2) 
plot(x_axis,pert_error(l,i/3+1:2*i/3), 'r- 1 ); 
hold on 
plot(x axis,pert error(2,i/3+1:2*i/3), 'b-. '); 
plot(x=axis,pert=error(3,i/3+1:2*i/3), 'g--'); 
legend('East Error', 'North Error', 'Up Error',4); 
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hold off 
title(['ENU Errors with Roll Perturbations ' att_str]); 
xlabel('Perturbation (Degrees)'); 
ylabel('Error (meters)'); · 
store= ['d:\school\thesis\plots\r_err']; 
print(figure(2), 1 -depsc', '-tiff', '-r300', store) 
% 
% Plot the heading perturbation 
% 
figure(3) 
plot(x_axis,pert_error(l,2*i/3+1:i), 'r-'); 
hold on 
plot(x axis.pert error(2,2~i/3+1:i), 'b-. '); 
plot(x=axis,pert=error(3,2*i/3+1:i), 'g--'); 
legend('East Error', 'North Error', 'Up Error',4); 
hold off 
title(['ENU Error with Heading Perturbations 1 ,att str]); 
xlabel('Perturbation (Degrees)'); 
ylabel('Error (meters)'); 
store= ['d:\school\thesis\plots\h_err']; 
print(figure(3), 1 -depsc', '-tiff', '-r300', store) 
% 
% Plot the overall error with changes in all attitude 
% 
figure (4) 
x_axis = l:length(all_pert_error); 
plot(x_axis,all_pert_error(l, :) , 1 r- 1 ); 
hold on 
plot(x_axis,all_pert_error(2, :) , 'b-. '); 
plot(x_axis,all_pert_error(3, :) , 'g-- 1 ); 
legend ( 'East -Error' , 'North Error' , 'Up Error 1 , 4) ; 
hold off 
title(['ENU Errors with all Attitude. Perturbations 1 ,att_str]); 
xlabel('Samples'); 
ylabel('Error (meters)'); 
axis tight; 
store= ['d:\school\thesis\plots\prh_err']; 
print(figure(4),. 1 -depsc', '-tiff'·; '-r300', store) 
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A.2 Position Perturbations Program - pos_pert.m 
% Scott M. Ertler 
% Title: Lever-arm correction analysis applies to commercial airborne 
% GPS Landing System applications 
% 
% Purpose: Perturbation Theory on th~ position corrections. 
% Initialization of Lat/Long and perturbations 
% 
lat=39.5*pi/180; 
long=-74.6*pi/180; 
d lat=0*pi/180; 
d=long=O*pi/180; 
% 
% The given Lever-Arm offsets 
% 
gps_antenna = [525, -6, 306.5]; % (fl,bl,wl) in inches 
glideslope_antenna = [178, 0 , 238]; % (f2,b2,w2) in inches 
lever_arm = (glideslope_antenna - gps_antenna) * 0.0254; % in meters 
x_offset -lever_arm(l); % 8.8138 meters 
y_offset lever_arm(2); % 0.1524 meters 
z offset -lever_arm(3); % 1.7399 meters 
% 
% Conversion from Body coordinates to Local-level coordinates 
% 
offset= [0, 1, 0; 1, 0, 0; 0, 0, -_l]*[x_offset; y_offset; z_offset]; 
% 
% Covers ion from Local-level to ECEF. coordinates. 
% 
% Cle= Cle+ d Cle 
% position correction (Cle) 
% 
pos_corr = [-sin(long), -cos(long)*sin(lat), cos(long)*cos(lat); 
cos(long), -sin(long)*sin(lat), sin(long)*cos(lat); 
0, cos(lat), sin(lat)]; · 
% 
% position perturbations (d_Cle) 
% 
delta__pos_corr = [-d_long*cos(long) ,-
d_lat*cos(long)*cos(lat)+d_long*sin(long)*sin(lat) ,-d_lat*cos(long)*sin(lat)-
d_long*sin(long)*cos(lat); 
-d_long*sin(long),-d_lat*sin(long)*cos(lat)-
d_long*cos(long)*sin(lat) ,-d_lat*sin(long)*sin(lat)+d_long*cos(long)*cos(lat); 
0,-d_lat*sin(lat) ,d_lat*cos(lat)]; 
% 
% 
% The total position correction including the perturbation error 
% 
% Cle= (I+ d_Cle * Cel)*Cle *offset= (I+ skew)*Cle*offset 
% 
% skew symmetric for the perturbations 
% 
skew__pos_corr = (0, -d_long, -d_lat*cos(long); 
d long, 0, -d lat*sin(long); 
d=lat*cos(long), d_lat*sin(long), 0]; 
% 
% The error for the given position with it's perturbations 
% 
i = 0; % counter 
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% 
% latitude error 
% 
d_lat = 0; 
d_long = 0; 
ford lat= -2.5*pi/180: (0.5*pi/180) :2.5*pi/180, 
i = i + l; 
skew_pos_corr = [0, -d_long, -d_lat*cos(long); 
d_long, o, -d_lat*sin(long); 
d_lat*cos(long), d_lat*sin(long), OJ; 
pert_error_xyz(:,i) = skew_pos_corr * pos_corr * offset; 
% 
% Convert error back to ENU coordinates 
% 
pert_error_enu(:,i) = inv(pos_corr)*pert_error_xyz(:,i); 
end 
% 
% longitude error 
% 
d_lat = 0; 
d_long = 0; 
for d_long = -2.5*pi/180: (0.5*pi/180) :2.5*pi/180, 
i = i + 1; 
skew_pos_corr = [0, -d_long, -d_lat*cos(long); 
d_long, 0, -d_lat*sin(long); 
d_lat*cos(long), d_lat*sin(long), OJ; 
pert_error_xyz(:,i) = skew_pos_corr * pos_corr * offset; 
% 
% Convert error back to ENU coordinates 
% 
pert_error_enu (:, i) = inv (pos_corr) *pert_error~xyz C:., i) ; 
end 
% 
% Overall error with perturbations in each axis of lat/long 
% 
j = O; 
for d_lat = -2.5*pi/180: (0.5*pi/180) :2.5*pi/180, 
for d_long = -2.5*pi/180: (0.5*pi/180) :2.5*pi/180, 
· skew_pos_corr = [0, -d~long, -d_lat*cos(long); 
d_long, o, -d_lat*sin(long); 
d_lat*cos(long), d_lat*sin(long), OJ; 
j = j + l; 
all_pert_error_xyz(:,j) = skew_pos_corr*pos_corr*offset; 
% 
% Convert error back to ENU coordinates 
% 
all_pert_error_enu(:,j) 
end 
inv(pos_corr)*all_pert_error_xyz(:,j); 
end 
% 
% Plot the data position perturbations 
% 
str_lat = ['Lat = '· num2str (lat*lB0/pi) J; 
str_long = ['Long=' num2str(long*l80/pi)J; 
att_str = [' (', str_lat, ', ', str_long, ') 1 J; 
% 
% Plot the latitude perturbation 
% 
x_axis = -2.5:0.5:2.5; 
figure(l) 
plot(x_axis,pert_error_enu(l,l:i/2), 'r-'); 
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hold on 
plot(x axis,pert error enu(2,l:i/2), 1 b-. '); 
plot (x=axis,pert=error=enu (3·, 1:, i/2), 'g--'); 
legend('East Error', 'North Error', 'Up Error',4); 
hold off 
title(['ENU Errors with Latitude Perturbations ',att_str]); 
xlabel('Perturbation (Degrees)'); 
ylabel('Error (meters)'); 
store= ['d:\school\thesis\plots\lat_err']; 
print(figure(l), 1 -depsc', '-tiff', '-r300', store) 
% 
% Plot the longitude perturbation 
% 
figure (2) 
plot(x_axis,pert_error_enu(l,i/2+1:i), 'r- 1 ); 
hold on 
plot(x axis,pert error enu(2,i/2+1:i), 'b-. '); 
plot(x=axis,pert=error=enu(3,i/2+1:i), 'g--'); 
legend('East Error', 'North Error', 'Up Error',4); 
hold off 
title(['ENU Errors with Longitude Perturbations ',att str]); 
xlabel('Perturbation (Degrees)'); 
ylabel('Error (meters)'); 
store= ['d:\school\thesis\plots\long_err']; 
print(figure(2), 1 -depsc', •-tiff', '-r300', store) 
% 
% Plot the· overall error with changes in_ -position 
% 
figure(3) 
x _ axis = 1: length ( all _pert_ error_ enu) ; 
plot(x_axis,all_pert_error_enu(l, :) , 'r-') ;· 
hold on 
plot(x_axis,all_pert_error_enu(2, :) , 'b-. '); 
plot (x_axis, all_pert_error_enu (3,:) -, 'g--'}; 
legend('East Error', 'North Error', 'Up Error',4); 
hold off 
title(['ENU Errors with both Lat/Long Perturbations ' att_str]); 
xlabel('Samples'); 
ylabel('Error (meters)'); 
- axis tight; 
store= ['d:\school\thesis\plots\latlong_err']; 
print(figure(3), 1 -depsc', '-tiff', '-r300', store) 
% 
% Overall error with perturbations in each axis of attitude 
% Better assumption - since this is the lat/long produced by 
% the DGPS, the error is probably more along the lines of 
% 0.00005 degrees. 
% 
1 = O; 
for d_lat = -0.0000S*pi/180: (0.0000l*pi/180) :0.0000S*pi/180, 
for d_long = -0.0000S*pi/180: (0.0000l*pi/180) :0.0000S*pi/180, 
skew_pos_corr = [0, -d_long, -d_lat*cos(long); 
1 = 1 + 1; 
d_long, 0, -d_lat*sin(long); 
d_lat*cos(long), d_lat*sin(long), 0]; 
new_all_pert_error~xyz(:,l) = skew_pos_corr*pos_corr*offset; 
% 
% Convert error back to ENU coordinates 
% 
new_all_pert_error_enu(:,l) 
end 
end 
% 
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inv(pos_corr)*new_all_pert_error_xyz(:,l); 
% Plot the overall error with changes in position - better assumption 
% 
figure(4) 
x_axis = l:length(new_all_pert_error_enu); 
plot(x_axis,new_all_pert_error_enu(l, :)*1000000, 'r-'); 
hold on 
plot(x_axis,new_all_pert_error_enu(2, :)*1000000, 'b-. '); 
plot(x_axis,new_all_pert_error_enu(3, :)*1000000, 'g--'); 
legend('East Error', 'North Error', 'Up Error',4); 
hold off 
title( ['ENU Errors with Realistic Lat/Long Perturbations ',att_str]); 
xlabel('Samples'); 
ylabel('Error (meters) x l0A{-6}'); 
axis tight; . 
store= ['d:\school\thesis\plots\latlongnorm'] ;-
print (figure (4), '-depsc', '-tiff', '-r300', store) 
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A.3 Main Error Analysis Program - main.m 
% Scott M. Ertler 
% Title: Lever-arm correction analysis applies to commercial airborne 
% GPS Landing System applications 
% 
% This is the MAIN program that calls the programs to determine the 
% offsets and calculate the error. 
% It is assumed that reference frame for the lever-arm is where 
% the waterline, fuselage station, and buttocks of the aircraft are O. 
% For this case it is the very tip of the aircraft. (added nose 
% cone for testing. 
% 
gps_antenna = [525, -6, 3Q6.5]; % (Fl,Bl,Wl) in inches 
glideslope_antenna = [l78, O , 238]; % (F2,B2,W2) in inches 
lever_arm = (glideslope_antenna - gps_antenna) * 0.0254; % in meters 
x_offset -lever_arm(l); % 8.8138 meters 
y~offset lever_arm(2); % 0.1524 meters 
z offset -lever_arm(3); % l.7399 meters 
% 
% attitude data: 
% yaw information in not needed for the lever arm corrections, but it is 
% needed for the error determination from the glideslope. 
% IRS data 
% Nominal data is pitch is 5 degrees, roll and yaw are both 0. 
% 
heading=54,53*pi/180; 
pitch=l*pi/180; 
roll=6*pi/180; 
yaw=4*pi/180; 
% 
% Current GPS position 
% 
lat= 39.40053*pi/180; 
long= -74.6909l*pi/l80; 
height= 596.5386; % meters 
% 
% Nominal glideslope angle 
% 
glideslope = 3*pi/180; 
% 
% Determine the offsets for the lever-arm.. This includes both cases of 
% with attitude and without attitude 
% Cases: 0 - no lever-arm supplied 
% l - vertical lever-arm with no attitue 
% 2 - vertical lever-arm with attitude 
% 3 - 2-D lever-arm with no attitude 
% 4 - 2_-D lever-arm with attitude 
% 5 - 3-D lever-arm with no attitude 
% 6 - 3-D lever-arm with attitude 
% 
for i 0:6, 
which case i; 
% 
% Call routine to determine the offsets 
% 
[offset_act,offset_true]=det_off(x_offset,y_offset,z_offset,which_case); 
% 
% Determine the horizontal and vertical errors from the glideslope to the 
% Guidance Control Point. 
% Attitude: O - no attitude 
% 1 - attitude 
% 
if which case== 1 
attitude= O; 
elseif which case 3 
attitude= O; 
elseif which case 5 
attitude O; 
else 
attitude l; 
end 
% 
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% Call the routine to determine the horizontal and vertical error 
% 
[att_hor_error, att_vert_error, total_hor_error, 
total_vert_error]=det_err(pitch,roll,heading,yaw,lat,long,height,glideslope,offset_ 
act,offset_true,attitude); 
att_max_vert(i+l)=max(att_vert_error) 
att_min_vert(i+l)=min(att_vert_error) 
att_avg_vert(i+l)=mean(att_vert_error) 
att_max_hor(i+l)=max(att_hor_error) 
att_min_hor(i+l)=min(att_hor_error) 
att_avg_hor(i+l)=mean(att_hor_error) 
tot_max_vert(i+l)=max(total_vert_error) 
tot_min_vert(i+l)=min(total_vert_error) 
tot_avg_vert(i+l)=mean(total_vert_error) 
tot_max_hor(i+l)=max(total_hor_error) 
tot_min_hor(i+l)=min(total_hor_error) 
tot_avg_hor(i+l)=mean(total_hor_error) 
end 
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A.4 Determine Lever-arm Offsets Function - det_ off.m 
function [offset_act,offset_true] = det_off(x,y,z,case) 
% 
% function [offset_act,offset_true]=det_offsets(x_offset,y_offset,z_offset,case); 
% 
% Scott M. Ertler 
% Title: Lever-arm correction analysis applies to commercial airborne 
% GPS Landing System applications 
% 
% Determine the offsets for the lever-arm. This includes both cases of 
% with attitude and without attitude 
% Cases: O - no lever-arm supplied 
% 1 - vertical lever-arm with no attitue 
% 2 - vertical lever-arm with attitude 
% 3 - 2-D lever-arm with no attitude 
% 
% 
% 
% 
% 
4 - 2-D lever-arm with attitude 
5 - 3-D lever-arm with no attitude 
6 - 3-D lever-arm with attitude 
% No Lever-Arm Correction 
% 
if case== O 
vert offset= O; 
track_offset = O; 
hor_offset = O; 
% 
% Determine a vertical offset with·. 'i::he given xyz offsets that will put the vertical 
% offset on the glideslope going through the GCP. 
% Assumptions: 3 degree glideslope, 5 degree pitch 
% This case is strictly vertical 
% 
elseif case 1 
% 
c = sqrt (x"2 + z"2); % Hypotenuse of true leve.r arm with pitch of 5 deg. 
alpha= atan (x/z); % Angle of true lever arm with pitch of 5 deg. 
a= c*cos(alpha + (S*pi/180)); % vertical distance to reference axis through GCP 
b = c*sin(alpha + (S*pi/180)); % along track distance from vertical to GCP 
z_prime = b*tan(3*pi/180); % vertical distance from reference axis to glideslope 
vert_offset = a - z_prime; % vertical distance from GPS antenna to glideslope 
track offset= O; 
hor_offset = O; 
% Determine a vertical offset with the given xyz offsets that will put the vertical 
% offset on the glideslope.going through the GCP. 
% Assumptions: 3 degree glideslope, 5 degree pitch 
% This case is vertical with attitude 
% 
elseif case 2 
% 
z_prime = x*tan((5+3)*pi/180); % vert offset including pitch and glideslope 
vert_offset = z - z_prime; % vert offset from GPS antenna to glideslope 
track offset= O; 
hor_offset = O; 
% Determine a 2-D offset with the given xyz offsets that will put the 2-D 
% offset on the glideslope going through the GCP. 
% Assumptions: 3 degree glideslope, 5 degree pitch 
% This case is strictly 2-D 
% 
elseif case 3 
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c = sqrt(xA2 + zA2); % Hypotenuse of true lever arm with pitch of 5 deg. 
alpha= atan (x/z); % Angle of true lever arm with pitch of 5 deg. 
B = c*sin(alpha + (S*pi/180)); % along track distance from vertical to GCP 
A= c*cos(alpha + (S*pi/180)); % vertical distance from reference axis to 
glideslope 
vert_offset = A; 
track offset= B; 
hor_offset = O; 
% 
% Determine 
% offset on 
% This case 
%. 
a 2-D offset with the given xyz offsets that will put the 2-D 
the glideslope going through the GCP. 
is 2-D with attitude, so just having the xz offsets will suffice. 
elseif ca~e 4 
% 
vert_offset = z; 
track offset= x; 
hor_offset = O; 
% Determine a 3-D offset with the given xyz offsets that will put the 2-D 
% offset on the glideslope going through the GCP. 
% Assumptions: 3 degree glideslope, 5 degree pitch 
% This case is strictly 3-D 
% 
elseif case 5 
c = sqrt(xA2 + zA2); % Hypotenuse of true lever arm with pitch of 5 deg. 
alpha= atan (x/z); % Angle of true lever arm with pitch of 5 deg. 
B = c*sin(alpha + (S*pi/180)); % along track distance from vertical to GCP 
A= c*cos(alpha + (S*pi/180)); % vertical distance from reference axis to 
glideslope 
vert_offset = A; 
track offset= B; 
hor_offset = y; 
% 
% Determine a 3-D offset with the given xyz offsets that will put the 3-D 
% offset on the glideslope going through the xyz 
% This case is 3-D with attitude, so just having the xyz offsets will suffice. 
% 
elseif case 6 
vert_offset = z; 
track offset= x; 
hor offset= y; 
end 
% 
% It is assumed that the xyz offsets will always be supplied to the GLS. 
% 
offset_act = [track_offset; hor_offset; vert_offset]; _% given in body coordinates 
% 
% True lever-arm offsets 
% 
offset true= [x; y; z]; % given in body coordinates 
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A.5 Determine Error Function - det err.m 
function [att hor error, att vert error, total hor error, 
total_vert_error]:det_err(pitch,roll,heading,yaw,lat,long,height,glideslope,offset 
act,offset_true,attitude); -
% 
% function [att hor error, att vert error, total hor error, 
total_vert_error]=det_err(pitch,roll,heading,ya,;,-1at~long,height,glideslope,offset 
act,offset_true,attitude); -
% 
% Scott M. Ertler 
% Title: Lever-arm correction analysis applies to commercial airborne 
% GPS Landing System applications 
% 
% This function performs error analysis on the lever-arm correction. 
% It will produce both the horizontal and vertical errors from the 
% Guidance Control Point (ILS antenna) to the glideslope. Deviations 
% from the glideslope will be used to assist in.the landing of the aircraft.· 
% With attitude variable set to 0 - do not use attitude for the current lever-arm 
% correction case. If it is set to a 1 - use attitude parameters. 
% 
% Generate Noise on the attitude parameters. Should be Gaussian, but for 
% simplicity, take max and min values and fixed points in between. 
% Typical variances are around+/- 2.5 degrees 
% 
p_noise 
r noise 
h noise 
% 
-2.5*pi/180:l.25*pi/180:2.5*pi/180; 
-2.5*pi/180:1.25*pi/180:2.5*pi/180; 
-2.5*pi/180:l.25*pi/180:2.5*pi/180; 
% apply noise to the attitude measurements 
% 
p err 
r err 
h err 
y_err 
% 
pitch+ p_noise; 
roll+ r_noise; 
heading+ h_noise; 
yaw+ h_noise; % heading and yaw will be the same noise 
if attitude== 0 
% 
% for a lever arm with no attitude, you would like it to be in the form 
% [O 1 0 
% 1 0 0 
% 0 0 -1] , however,. the heading does come into play. Remember, 
% we are not talking about yaw, but heading. Therefore, heading 
% has to be included in the calculation. Heading puts the lever-
% arm in the proper direction, while yaw tells us the degrees off 
% from the flight path. A short form of the attitude adjustments 
% is given below: 
% 
Cb to 1 act head= [sin(heading),cos(heading),0; cos(heading),-sin(heading),0; 
0,0,-1]; 
lever_arm_act_enu (Cb_to_l_act_head*offset_act) '; % This is in ENU 
elseif attitude== 1 
% 
% Convert the body coordinates of the offset to the local-level coordinate system. 
% This portion represents the actual lever arm correction in ENU without any error 
% .in the solution. 
% 
Cb_to_l_l = [cos(pitch)*sin(heading), 
sin(pitch)*sin(roll)*sin(heading)+cos(roll)*cos(heading), 
sin(pitch)*cos(roll)*sin(heading)-sin(roll)*cos(heading)]; 
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Cb_to_1_2 = [cos(pitch)*cos(heading), sin(pitch)*sin(roll)*cos(heading)-
cos(roll)*sin(heading), sin(pitch)*cos(roll)*cos(heading)+sin(roll)*sin(heading)]; 
·Cb to 1 3 = [sin(pitch), -cos(pitch)*sin(roll), ~cos(pitch)*cos(roll)]; · 
Cb to 1 act =[Cb_to_l_l; . 
Cb_to_l~2; 
Cb_to_l_3]; 
lever arm act enu (Cb_to_l_act*offset act)'; 
end 
% 
% Determine the lever-arm correction from body to local-level coordinate system 
% with perturbations•in the measurements. Use the true offsets of the NRP to 
% the GCP. THIS GIVES THE LOCATION OF THE GCP. 
% 
% Do this for every possible combination of perturbations. 
% 
1 = O; % count the number of measurements 
for i = l:length(p_err), 
for j l:length(r_err), 
fork= l:length(h_err), 
1 = l + 1; 
tot_Cb_to_l_l = [cos(p_err(i))*sin(h_err(k)), 
sin(p_err(i})*sin(r_err(j))*sin(h_err(k))+cos(r_err(j))*cos(h_err(k)), 
sin(p_err(i})*cos(r_err(j))*sin(h_err(k))-sin(r_err(j))*cos(h_err(k))]; 
tot Cb to 1 2 = [cos(p err(i))*cos(h err(k)), 
sin(p_err(i))*sin(r_err(j))*cos(h_err(k)}-cos(r_err(j))*sin(h_err(k)), 
sin(p_err(i))*cos(r_err(j))*cos(h_err(k))+sin(r_err(j))*sin(h_err(k))]; 
tot_Cb_to_l_3 = [sin(p_err(i)), -cos(p_err(i))*sin(r_err(j)), -
cos(p_err(i))*cos(r_err(j))]; 
Cb to 1 true =[tot_Cb_to_l_l; 
tot_Cb_to_l_2; 
tot_Cb_to_l_3]; 
lever arm true_enu(l, :) (Cb_to_l_true*offset_true) '; % this is in ENU 
end 
end 
end 
% 
- % Convert the Local-Level coordinates of ENU to the ECEF coordinate system. 
% It is assumed that the error produced by this conversion can be ignored. 
% Small changes in Lat and Long (5 e-5 degrees) result in approximately 
% 6e-6. meter error. 
% 
Cl toe [-sin(long), -cos(long)*sin(lat), cos(long)*cos(lat); 
cos(long), -sin(long)*sin(lat), sin(long)*cos(lat); 
0, cos (lat), sin (lat) l ; 
lever_arm~act_xyz = (Cl_to_e*lever_arm_act_enu') '; 
% 
% Now convert the true case with the perturbations from ENU to the ECEF 
% coordinate system. As stated before, the error is ignored in this 
% conversion, and does not need to be performed. It will be done for 
% completeness for the error case. THIS GIVES THE LOCATION OF THE GCP. 
% 
lever_arm_true_xyz = (Cl_to_e*lever_arm true enu') '; 
% 
% To save on total calculations and conversions, and since all errors will need 
% to be in ENU and the Cle is essentially errorless, go ahead and use the lever-
% arm errors from the attitude corrections in ENU and take the difference between 
% the actual and true lever-arm. (NRP_transpose - GCP) 
% 
for x = 1:1, 
attitude corr_diff(x, :) 
end 
lever arm act enu - lever_arm_true_enu(x, :) ; 
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% 
% Now that the error from the attitude conversion has been determined, the error 
% from the DGPS should now be taken into consideration. Make the assumption that 
% the error from the DGPS could be as much as 5 meters. 
% 
% GPS error-> for simplicity use spherical coordinates for error 
% x roe*sin(phi)*cos(theta), y = roe*sin(phi)*sin(theta),z = roe*cos(phi) 
% 
xyz O; 
for err= 0:1.25:5, 
for theta= 0:45*pi/180:315*pi/180, 
end 
end 
% 
for phi= 0:45*pi/180:180*pi/180, 
xyz=xyz+l; 
x_err err*sin(phi)*cos(theta); 
y_err = err*sin(phi)*sin(theta); 
z_err = err*cos(phi); 
ecef_err(xyz, :)=[x_err,y_err,z_err]; 
end 
% Take the GPS error in ECEF coordinates and convert it into ENU coordinates. 
% 
GPS err enu = (inv(Cl_to_e)*ecef_err') '; 
% 
% Add the GPS error to the lever_arm correction error to give the total error. 
% Since the location of the GCP is known, and the GPS error is from the NRP, 
% the GPS error can simply be added to the NRP_tranpose, GCP difference. 
% This error is in the ENU frame. 
% 
C=O; 
for a= 1:1, 
for b = l:xyz, 
end 
end 
% 
C = C + l; 
total_error(c,:) (GPS_err_enu(b, :) + attitude_corr_diff(a, :)) ; 
% Determine the Horizontal and Vertical Errors from the GCP 
% to the glideslope taking into account only the attitude errors. 
% 
for x=l:l; 
angle_a = atan2(attitude_corr_diff(x,1) ,attitude_corr_diff(x,2)); %atan(eE/eN) 
track= heading - yaw; % c = b - yaw 
hypo = sqrt (attitude_corr_diff (x, 1). A2 + attitude_corr_diff (x, 2). A2) ;. % j = (eEA2 + 
eNA2)A(l/2) = eN/cos(angle_a) 
flight_dist = hypo.*cos(track - angle_a); 
att_hor_error(x) = hypo.*sin (track - angle_a); 
vert_off = -1 * flight_dist.*tan(glideslope); % ENU, therfore Down is a -Up 
att_vert_error(x) vert off - attitude_corr_diff(x,3); 
end 
% 
% Determine the Horizontal and Vertical Errors from the GCP 
% to the glideslope taking into account the possible error 
% from DGPS and attitude. 
% 
for x=l:c, 
angle_a = atan2(total_error(x,1) ,total_error(x,2)); %atan(eE/eN) 
track= heading - yaw; % c = b - yaw 
hypo= sqrt(total_error(x,1) .A2 + total_error(x,2) .A2); % j = (eEA2 + eNA2)A(l/2) 
eN/cos(angle_a) 
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flight_dist = hypo.*cos(track - angle_a); 
total_hor_error(x) = hypo.*sin (track - angle_a); 
vert_off = 71 * flight_dist.*tan(glideslope); % ENU, therfore Down is a -Up 
total_vert_error(x) vert off - total_error(x,3); 
end 
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